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Abstract
Mechanical metamaterials have been gaining much interest in the field of material design for their
unique attributes such as light weight, high strength, enhanced energy absorption, high impact,
and fracture resistance. The behavior of such materials is governed by their structural geometry
rather than their chemical composition. Metamaterials generally have two or more levels of hierar-
chy with a global topology combined with geometric intricacy at constitutive unit cells. The design
of mechanical metamaterials is usually limited to structures that bear loads with little deforma-
tion. Furthermore, the design methodologies in literature are dominated by numerical approaches
that are computationally expensive with limited user insights of the obtained solutions. In such a
context, this thesis presents a novel alternative framework for the design of mechanical metama-
terials in planar and spatial domains, and also for the design of planar mechanical metamaterials
that undergo a prescribed deformation behavior. Such deformable metamaterials are deemed use-
ful in shape morphing of airfoils, compliant mechanisms, wearable medical devices, stretchable
electronics, and soft robotics.
Design of deformable mechanical metamaterials is challenging because it requires considering
the topology and deformations at different hierarchical levels, and there are no systematic design
frameworks that preserve the intuition of the designer while delegating the tedious task of optimiza-
tion to a computer. This thesis proposes a mechanics-based kinetostatic framework that enables
visualizing forces flowing through the constituent structural members. The nature of load flow can
be used to make design decisions to determine kinematically feasible deformable topologies using
generalized guidelines. The design methods can be used to generate multiple viable solutions with
relative ease using just a “pen and paper” for planar topologies and a customized “virtual reality”
tool for complex spatial topologies. The kinetostatic methodology also enables qualitative classifi-
cation of the entire design space, and these qualitative classes allow intuitive and computationally
ii
less intensive solutions for deformable mechanical metamaterials. The feasibility of this technique
has been demonstrated through the design of several novel deformable mechanical metamaterials.
iii
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6.10 Deformable mechanical metamaterials that can expand perpendicular to the loading
and have high stiffness in Y -direction. (a) discretized design domain with desired
shape change (shown in red) and conceptual solutions from the material optimiza-
tion, (b) design solution from the qualitative library, (c) final designs of each of the
cells obtained from shape-size optimization, (d) initial configuration of the design





Among the essential sought-after pursuits in science and engineering is achieving the capability to
design materials with properties superior to natural systems. Metamaterials are synthetic materi-
als that are intentionally designed to have specific properties, often not found in nature. Research
on metamaterials was first conducted in the field of optics to manipulate electromagnetic waves
and to realize properties such as negative refractive index ( [8]). Then the research has gradually
progressed towards the fields of acoustics and structural mechanics. Metamaterials that are focused
towards non-intuitive mechanical properties such as negative Poisson’s ratio [6, 7, 9–14], negative
thermal expansion coefficient [15–19], high modulus [20–22], negative compressibility [23–25] are
termed as mechanical metamaterials. The mechanical metamaterials research has been gaining
much interest due to their functionally enhanced properties such as high energy absorption, high
impact and shear resistance, and high fracture toughness. The behavior of metamaterials is gov-
erned by their microstructural unit cell geometry rather than their chemical composition, and the
deformation of compliant members within the topology. These mechanical metamaterials (also
known as architectured materials) are engineered at scales that are intermediate between the grain
boundaries (micron scale) and the component level [1], as shown in Fig. 1.1(a). The architectures
at this level are referred to as microstructures or unit cells in literature.
Mechanical metamaterials that undergo deformations have potential applications in soft robotics
[26,27], shape morphing mechanisms [28–31], wearable devices [32–34], stretchable electronics [35–
37] and devices that adapt according to their environment [38,39]. Despite the advantages and wide
potential applications, the deformable mechanical metamaterial design is challenging as it requires
considering the topology and deformations at different hierarchical levels, as shown in Fig. 1.2. The
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Figure 1.1: (a) Architectured materials bridging the gap between micro and macro scales (b)
hierarchical structure of a natural bone depicting six levels of hierarchy [1]
crux of the problem is to determine the topology of the microstructural hierarchy that enforces
the design domain to deform in a predetermined fashion. This design problem can be depicted
as in Fig. 1.2(a) with different loading conditions, boundary conditions, and desired macro-scale
deformation UR (shown in red) along the edge PQ of the domain. In such a context, different
microstructures are to be designed across the domain with varying micro-scale deformations that
synchronously lead to the desired macro-scale deformation. For example, a positive Poisson’s ratio
microstructural array (Fig. 1.2(b)) with corresponding micro-scale deformation as in Fig. 1.2(c)
will achieve the required macro-scale deformation at location A. Similarly, a negative Poisson’s
ratio microstructural array at location B (Fig. 1.2(d)) with corresponding micro-scale deformation
as in Fig. 1.2(e) will lead to the desired macro-scale deformation at that location. Furthermore, the
design is challenging as there are no existing design methodologies that are systematic to provide
insights into the design solutions while delegating the tedious task of optimizations to a computer.
1.2 Motivation
Due to their non-intuitive behaviors, which lead to functionally enhanced mechanical properties,
the design of mechanical metamaterials has been an active field of research in material design.
Even though there is literature available for the design of metamaterials, most of this is focused
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on structures that bear loads with little deformation. However, this thesis focuses on design for
mechanical metamaterials which undergo prescribed deformations. Approaches for the design of
mechanical metamaterials in literature can be broadly classified into insightful approaches and
computational approaches. Insightful approaches use the rational intuition of the designer to de-
sign mechanical metamaterials. The realization of negative Poisson’s ratio by Lakes [9] in foam
structures fueled the field of mechanical metamaterials, specifically auxetic materials. A novel
mechanism of missing ribs in foams leads to negative Poisson’s ratio, according to Smith et al. [40].
The combination of isotropic compliant and rigid phases can lead to mechanical metamaterials as
proposed by Cherkaev [41]. The rational design approaches, though intuitive, are difficult to gen-
eralize to any design problem. Computational methods such as structural topology optimization,
reconciled level sets, bi-directional evolutionary optimization (BESO) are used to design mechan-
ical metamaterials. Taking inspiration from the seminal work by Sigmund ( [14, 42]), many other
researchers have published on the design of microstructures with extreme properties ( [22,43,44]).
While computational methods are mathematically robust, they are time-consuming, sensitive to
the algorithm used, and the obtained solutions may require extensive postprocessing to be practi-
cal. In some cases, the process does not guarantee manufacturable design solutions and decouples
user from the design process and may yield limited user insight.
In this thesis, we propose an alternative two-phase design methodology to tackle these chal-
lenges. In the first phase, we obtain conceptual designs that determine the topology of the unit cell
microstructure using a kinetostatic building block-based design approach. In the second phase of
design refinement, a shape/size optimization is performed on the conceptual topology to meet any
given effective elastic properties and conform to manufacturing requirements. This process differs
from SIMP-based structural topology optimization by offering the user control of the creative part
of the design, while offsetting the more tedious phase to a computational shape-size refinement
process. With the conceptual feasible topology determined in the first phase, the computational
expensiveness for the second phase drastically reduces, leading to an overall robust framework. The
two phase process is not entirely a new concept and has been featured in the design of compliant
or deformable mechanisms by Joo et al. [45, 46]. The insightful phase for topology generation has
been accomplished by instant center kinematics in planar space by Kim et al. [47] to more recently
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Figure 1.2: Problem definition for design of deformable mechanical metamaterials (a) design domain
with given boundary, loading conditions and desired deformation (shown in red) along an edge
PQ (b,c) microstructural array at location A and micro-scale deformation of the corresponding
single microstructure to achieve the desired macro-scale deformation (e,f) microstructural array at
location B and micro-scale deformation of the corresponding single microstructure to achieve the
desired macro-scale deformation
a screw-theory based projective geometry scheme in three-dimensional (3D) domain by Hopkins et
al. [48] and Su et al. [49]. Several refinement-based algorithms have been proposed to tune the base
topology to match several secondary considerations such as stiffness, strength and manufacturabil-
ity ( [50–53]). Since the functionality of both compliant mechanisms and mechanical metamaterials
rely on the elastic deformation of its constituent members, we believe that a two-phase insightful
approach and its benefits must translate to metamaterial design as well.
1.3 Research Objectives
The main focus of the thesis is to propose an alternative framework, which has the advantages
of both insightful and computational approaches, to design deformable mechanical metamaterials.
The primary research objectives of the thesis are :
1. Propose a framework to design planar and three-dimensional mechanical metamaterials.
2. Propose a framework to design spatial compliant and shape-morphing mechanisms using
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load-flow based design.
3. Propose a qualitative library of mechanical metamaterials.
4. Propose a framework to design deformable planar mechanical metamaterials.
5. To perform numerical studies to validate the design frameworks.
1.4 Outline
This thesis presents a novel framework for the design of deformable mechanical metamaterials.
A brief review of homogenization and load flow visualization has been detailed in Chapter 2.
Chapter 3 presents the qualitative analysis and conceptual design framework for planar mechanical
metamaterials. Extension of load flow based design to spatial compliant and shape morphing
mechanisms is presented in Chapter 4. Chapter 5 extends the load flow based design of spatial
compliant mechanisms to three-dimensional mechanical metamaterials. Chapter 6 presents the two-
step framework for the design of planar deformable mechanical metamaterials. Finally, chapter 7
details the conclusions, contributions, and future work.
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Chapter 2
Review: Load flow and
Homogenization
1
2.1 Review : Homogenization technique
Homogenization is an averaging process for computing the effective elastic properties of composites.
In this section, we review the homogenization technique for planar linear-elastic microstructures.
The most popular homogenization technique for the optimal design of material micro-structures
is asymptotic homogenization. This uses asymptotic double-scale expansion along with periodic
boundary conditions to compute the effective elastic properties [54]. More details of asymptotic
homogenization can be found in [43, 55]. Recently, an alteranate homogenization technique was
proposed by Zhang et.al [56], known as Strain Energy Based Homogenization (SEBH). It evaluates
the strain energy of the microstructure under four different loading conditions and equates this to
the global strain energy, and thus the effective elastic properties of the homogenized material. In
this paper we will use the SEBH due to the simplicity and insightfulness associated with the process.
A brief review of the Strain energy based Homogenization technique [2,56] for two dimensional and
three dimensional periodic cellular structures is presented below.
2.1.1 Strain Energy Based Homogenization (SEBH) for planar
microstrcutures
SEBH technique is based on the fact that the strain energy of the base cell and the strain energy of
the homogenized medium are equivalent. Generalized Hooke’s law for a 2D Orthotropic material
relates stresses and strains using five elastic constants as shown in Eq. 2.1. We need to compute
1Patiballa, Sree Kalyan, and Girish Krishnan. ”Qualitative Analysis and Conceptual Design of Planar Metama-
terials With Negative Poisson’s Ratio.” Journal of Mechanisms and Robotics 10.2 (2018): 021006.
1Patiballa, Sree Kalyan, and Girish Krishnan. ”On the design of three-dimensional mechanical metamaterials
using load flow visualization.” Mechanics Based Design of Structures and Machines (2020): 1-26.
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Figure 2.1: Different load cases for Strain Energy Based Homogenization (SEBH) (a) Prescribed
horizontal Strain (b) Prescribed vertical strain (c) Prescribed shear strain (d) Prescribed bi-axial
strain
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In SEBH, we apply four different loading cases for the calculation of the components of elasticity
matrix. The load cases are shown in Fig. 2.1 and equations for the computation of elastic properties
are given in Eqs. 2.2-2.5. Eq. 2.2 and Eq. 2.3 correspond to load cases of prescribed horizontal
and vertical strains respectively, as shown in Fig. 2.1(a-b). Eq. 2.4 corresponds to load case of
prescribed shear strain as shown in Fig. 2.1(c) and Eq. 2.5 corresponds to load case of prescribed
biaxial strain as shown in Fig. 2.1(d).
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CH1111 = 2SEa (2.2)
CH2222 = 2SEb (2.3)
CH1212 = 2SEc (2.4)
CH1122 = SEd − SEa − SEb (2.5)
The strain energy stored is indicative of the stiffness or flexibility under these boundary and
loading conditions, which then correlate to high or low values of the homogenized elasticity con-
stants. However, to qualitatively evaluate relative stiffness/flexibility in a microstructure, we will
use the insights offered by load flow visualization.
2.1.2 Strain Energy Based homogenization (SEBH) for 3D microstructures
Figure 2.2: (a) Macroscopic composite material, (b) periodic arrangement of microstructural unit
cells, (c) a single microstructural repeated unit cell (RUC).
A periodic composite material will have an arrangement of microstructure unit cells in a repeated
periodic array along one or more directions as in Fig. 2.2(a-b). The effective macroscopic properties
of the composite material, such as the elasticity matrix, can be computed from analyzing the single
microstructural repeated unit cell (RUC) (Fig. 2.2(c)). This averaging process of computing
the effective elastic properties of periodic composites is called Homogenization. It maps local
microstructure properties to the global material properties. In this section, we review a specific
homogenization technique called Strain Energy-Based Homogenization (SEBH), proposed by [56]
8
for three-dimensional linear elastic microstructures. SEBH computes the effective elasticity matrix
of a three-dimensional homogenized material based on the equivalency of strain energies of the
repeated unit cell (RUC) and the homogenized material. A generalized elasticity matrix of a three-
dimensional orthotropic material can be seen from the Hooke’s law in Eq. 2.6. SEBH computes the
9 components of the elasticity matrix in Eq. 2.6 by evaluating the strain energies of 9 corresponding
loading conditions. The loading conditions of the SEBH are shown in Fig. 2.3 (to keep the figure
less cluttered, the symmetric and anti-symmetric boundary conditions of each of the loading case
are shown with a subscript ‘S’ or ‘AS’ respectively). Here, other than the plane of loading, all other
planes have either symmetry or anti-symmetry boundary conditions, for example in Fig. 2.3(a),
the loading is on left plane (L), and all the other planes, right (R), top (T ), down (D), front (F ),
back (B) have symmetry boundary conditions similar to the planar case shown in Fig. 1 of [57].
It is important to note that this homogenization formulation is valid only for periodic orthotropic
composites.
Strain Energy-Based homogenization is used in this work because of its simplicity and mod-
ularity. Each component of the effective elasticity matrix can be computed by calculating the
corresponding strain energy and using the relations in Eqs. 2.7-2.15. Each loading condition cor-
responds to different stiffness properties i.e, the first three loading conditions (a,b,c) of Fig. 2.3
correspond to elastic stiffness, the next three loading conditions (d,e,f) correspond to shear stiffness
and final three loading conditions (g,h,i) correspond to bi-axial stiffness. Here, bi-axial stiffness
qualitatively represents the material stiffness to elongation/compression in different planes of a 3D
material. These loading conditions might qualitatively explain the overall bulk modulus of the
material. Because of this modularity in computation of different components, the design process
presented in this thesis can be used to tune each component of the effective elasticity matrix and
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CH1111 = 2SEa (2.7)
CH2222 = 2SEb (2.8)
CH3333 = 2SEc (2.9)
CH2323 = 2SEd (2.10)
CH1313 = 2SEe (2.11)
CH1212 = 2SEf (2.12)
CH1122 = SEg − SEa − SEb (2.13)
CH1133 = SEh − SEa − SEc (2.14)
CH2233 = SEi − SEb − SEc (2.15)
2.2 Review: Analysis of compliant mechanisms through load
flow visualization
Most analysis methodologies seek to describe the behavior of compliant mechanisms by determining
displacements at key locations. In [58], the authors proposed an alternate framework that analyzes
a compliant mechanism by a field of forces that cause these displacements. This fictitious field of
forces known as the transferred forces, evaluated at any point in the mechanism in relation to the
input applied forces. The nature and orientation of the transferred forces in a member determine
its functionality. These are explained in further detail below.
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Figure 2.3: Different load cases for SEBH for three-dimensional microstructures: (a-c) prescribed
strain in X,Y ,Z-directions, (d-f) prescribed shear strain in Y Z, XZ, XY directions (g-i) prescribed
bi-axial strain in XY , XZ, Y Z directions respectively. (T-top, D-down,R-right,L-left,F-front,B-
back)
2.2.1 Transferred Forces
Consider a compliant displacement amplifying compliant inverter shown in Fig. 2.4a. The input
force fi is applied at a point i and the inverted displacement output is obtained from point k. Let
j be a point on the mechanism. From [58], the transferred force at point j denoted by ftrj is an
applied force that would yield the same displacement at j as would the input force at i. This
transferred force can also be obtained by fixing point j, and evaluating the reaction force due to
the input force. The transferred force between two points in a continuum can be found from the
terms of the compliance matrix. The compliance matrix relates the forces and displacement, and
11
Figure 2.4: Definition of Load Flow using the concept of transferred force in a displacement am-
plifying compliant inverter. (a) Force applied at i produces the same deformation at point j as a
transferred force fjtr acting at j. (b) The deformed profile of the mechanism, (c) the transferred











where Cij are the components of the compliance matrix relating the input i and output ports j.
The compliance matrix in general can be obtained by inverting the non-singular global stiffness











where TL is the load transfer matrix that maps the transferred force to the input force. For planar
beam elements with three degrees of freedom per node, TL is a 3 × 3 matrix. The reader is
referred to [58] for a more detailed derivation of the transferred forces. The uniqueness of the
compliance matrix terms under small deformation assumption renders a one-one mapping between
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the transferred force at a point and the applied input force. However, this formulation is valid
for small deformation assumptions alone. Fig. 2.4a plots the transferred force evaluated using Eq.
2.17 throughout the geometry.
2.2.2 Compliant Dyad: Fundamental building blocks for compliant
mechanisms
An advantage of the transferred force formulation for compliant mechanisms is the ability to de-
compose the topology into maximally independent building blocks. The transferred force between
points i and j in Fig. 2.4a is dependent on members C1 and T1 alone and not on other members
such as C2, T2, and C3. This is because the transferred force in j is evaluated by constraining
all degrees of freedom at this point, which implies that the members below it do not exercise any
influence on the transferred force at j. This has been more formally proved in [58]. Furthermore
the force transferred at point k is maximally dependent only on transmitter T2 and constraint C2.
For T2 and C2 combination, the transferred force ftrj is the input. Thus, the force transferred
through a transmitter is dependent on itself and a corresponding constraint member, and is maxi-
mally decoupled from other members. This enables the compliant mechanism to be analyzed in a
modular fashion in terms of building blocks composed of a transmitter and a constraint. We call
this the transmitter-constraint set (TC), which in most cases is a compliant dyad.
A compliant dyad building block as shown in Fig. 2.5 consists of two beams combined in series.
The first beam (with length l1, second area moment I1,Young’s modulus E) is the constraint, while
the second beam ( with length l2,second area moment I2,Young’s modulus E) is the transmitter
(T). The TL matrix can be derived from Euler-Bernoulli beam mechanics as [58]
TL =

0 cotα − 3(n2+n1
2 cosα)
2l1n1(n1+n2) sinα
0 1 − 3n12l1n1+2l1n2





, and n2 =
I2
I1
. The above matrix can be interpreted in the following:
1. A horizontal input force fix aligned along the axis of the constraint beam does not get
transferred to the output. This is because the beam constraint resists any deformation due
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Figure 2.5: A compliant dyad as a TC set.
to an axial force, as indicated by the zeros in the first column.
2. A vertical force fiy gets transferred to the output as a force in a direction along the axis of
the transmitter beam. The transferred force components can be expanded as







There is no transferred moment for this force because TL3,2 = 0.
3. An input moment applied manifests as transferred x and y direction forces at the output
whose components are given by TL1,3 and TL2,3 .
4. An input moment is transferred as an output moment in the negative direction as indicated
by the negative sign TL3,3 .
Next, we relate the transferred force at the end of the dyad to its displacement. The displace-
ment at any point can lie in a direction ±90◦ with respect to the direction of the transferred force.
This is due to the positive definiteness of the stiffness matrix, implying that a force cannot perform
negative work on the output. The semicircular band for a dyad at the input subjected to a Y−
axis force is shown in Fig. 2.6a. The actual displacement will lie in the intersection of the semi-
circular band and the freedom direction of the constraint at the output. From constraint-based
design [48, 59, 60], a beam is free to displace perpendicular to its axis. Thus a horizontal beam
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Figure 2.6: Output displacement of a dyad building block. (a) Semicircular band capturing the
possible directions of displacement, and (b) actual displacement determined by the intersection of
the semicircular band and the freedom direction of the constraint beam.
constraint shown in Fig. 2.6b yields a displacement perpendicular to its length. Now, to determine
the output displacement we consider a simple, yet ubiquitous case where the transferred forces do
not have any moment components. Eq. 2.19 shows that the transferred force is oriented along the
transmitter at an angle δ with respect to the horizontal. Thus, the direction of displacement of the
output will lie in the intersection of the semicircular band and the freedom line of the constraint
beam at the output.
2.3 Conclusion
This chapter reviews homogenization method in two dimensions and three dimensions, and load
flow visualization analysis in planar compliant mechanisms. These methods will be utilized in next
chapters to propose frameworks to design planar and three-dimensional mechanical metamaterials,
spatial compliant and shape-morphing mechanisms, and deformable mechanical metamaterials.
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Chapter 3
Design of Planar Mechanical
Metamaterials
1
This chapter presents a new mechanics-based framework for the qualitative analysis and concep-
tual design of mechanical metamaterials, and specifically materials exhibiting auxetic behavior.
The methodology is inspired by recent advances in the insightful synthesis of compliant mecha-
nisms by visualizing a kinetostatic field of forces that flow through the mechanism geometry. The
framework relates load flow in the members of the microstructure to the global material properties,
thereby enabling a novel synthesis technique for auxetic microstructures. This understanding is
used to qualitatively classify auxetic materials into two classes, namely high-shear and low-shear
microstructures. The ability to achieve additional attributes such as isotropy is shown to be related
to the qualitative class that the microstructure belongs.
3.1 Load flow visualization of metamaterial microstructures
In this section, we will qualitatively understand the global material behavior of mechanical meta-
materials by visualizing load flow in its microstructure. Strain energy based homogenization relates
the global material properties to four deformation modes for the microstructure as shown in Fig.
2.1. Load flow in the microstructure can then reveal whether the particular deformation mode is
naturally permitted or is resisted by the microstructure geometry. This analysis can then provide
qualitative assessment on three global quantities of interest: (a) Poisson’s ratio, (b) Bulk modulus,
and (c) Shear modulus for a planar material.
For the qualitative assessment, we follow two guidelines proposed in [61], which states that a
particular deformation mode is restricted or constrained if (i) load flow in all the members (both
transmitters and constraints) are predominantly axial, and (ii) load flow in a transmitter conflicts
1Patiballa, Sree Kalyan, and Girish Krishnan. ”Qualitative Analysis and Conceptual Design of Planar Metama-
terials With Negative Poisson’s Ratio.” Journal of Mechanisms and Robotics 10.2 (2018): 021006.
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Figure 3.1: (a) Microstructure geometry for auxetic material [2] (b) corresponding quarter cell
geometry used for analysis,and (c) corresponding deformation of the microstructure geometry, (d)
Microstructure geometry exhibiting positive Poisson’s ratio [3, 4], (e) corresponding quarter cell
geometry for analysis, and (f) corresponding deformation of the microstructure geometry.
due to the effect of two or more simultaneously acting loading conditions. These will be explained
in detail with a few examples. We select two microstructures shown in Fig. 3.1, one having negative
Poisson’s ratio and the other having positive Poisson’s ratio with a high bulk and shear modulus.
3.1.1 Analysis of auxetic microstructures
A microstructure that exhibits negative Poisson’s ratio is shown in Fig. 3.1a [2]. Since the material
properties are orthotropic, we can consider a quarter structure as shown in Fig. 3.1b. Further-
more, we consider four loading conditions to determine its material properties as shown in Fig.
2.1. The first boundary condition is used to evaluate stiffness along the X direction (C1111) as
shown in Fig. 3.2a, where a unit strain is applied along the X axis in the extreme right face of
the microstructure. To better understand its deformation by drawing an analogy with compliant
mechanisms, we replace the roller constraints with beam flexures corresponding to the boundary
condition of the faces. For example, top left corner is constrained against both X and Y deflection,
and is thus grounded. The top and the bottom faces are constrained against Y translation and
thus a constraint beam C3, C2 and C1, respectively, are added to denote this.
Qualitative analysis of Elastic modulii C1111 and C2222: When a unit displacement is applied on
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the bottom right end of the geometry, we can visualize load flow in the mechanism by partitioning
it into transmitter constraint (TC) sets as seen from the example in Fig. 2.4. The first TC set
consists of constraint C1 and transmitter T1. From Eq. 2.19 the load flow in the transmitter is
axial. Load flow in constraint C1 is not depicted, but will be in predominantly transverse direction,
permitting deformation. The load flow at the end of transmitter T1 is now the input for the second
TC set comprised of C2 and T2 as shown in Fig. 3.2c. Here, again from Eq. 2.19 load flow is an
axial force along transmitter T2. This force is an input to TC sets T3 and C3. Since the ends of
T3 and C3 are fixed, this point does not displace. Correspondingly the load flow is axial in both
members. Thus, the deformation in the microstructure under this loading condition is primarily
due to the transmitters T1 and T2 and their corresponding constraints C1 and C2.
Similarly, we can interpret the loading condition leading to evaluating stiffness in the Y direc-
tion (C1111) as shown in Fig. 3.2(d-f). The corresponding boundary condition introduces a new
set of constraints C1 and C2, while rendering the bottom right corner fixed. Here, transmitter
T1 and constraint C2 do not translate as their load flow behavior indicate pure axial forces. The
deformation is primarily in T1 and C1. These two loading conditions can be related to the Young’s
modulus of the material.
Bulk modulus: Bulk modulus is evaluated under the boundary condition shown in Fig. 3.3a. Two
faces (top and right) are subjected to unit strain. The bottom face is constrained against Y trans-
lation and hence is replaced by two parallel constraint beams C2 and C3 as shown in Fig. 3.3b.
Similarly the left face is constrained against X deflection. For the sake of qualitative understanding
of the load flow in this case, we will consider the two strain loading cases independently. Applying
the X strain alone on the right face leads to the load flow as shown in Fig. 3.3c. Applying Y strain
alone on the top face leads to load flow in the same directions as the previous case. Thus, the
two loading conditions complement each other, thus qualitatively lowering the bulk
modulus.
Poisson’s ratio: Poisson’s ratio is evaluated on the same boundary and loading conditions as for
the bulk modulus. In the loading condition of Fig. 3.3c, a unit X displacement in the left face leads
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Figure 3.2: Load flow analysis in evaluating X direction stiffness (a) boundary condition and
applied strain for X axis, (b) substituting boundary conditions with beam constraints, (c) load
flow analysis on individual TC sets. Similarly (d-f) analyzes load flow for evaluating stiffness in
the Y direction.
Figure 3.3: Load flow analysis in evaluating Bulk modulus and Poisson’s ratio.(a) boundary condi-
tion and applied strain, (b) substituting boundary conditions with beam constraints, (c) load flow
analysis on individual TC sets for applying X strain alone, and (d) load flow analysis on individual
TC sets for applying Y strain alone
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Figure 3.4: Load flow analysis in evaluating shear modulus.(a) boundary condition and applied
strain, (b) substituting boundary conditions with beam flexures, (c) load flow analysis on individual
TC sets for applying X strain alone, and (d) load flow analysis on individual TC sets for applying
Y strain alone
to a load flow with a positive Y component at the end of transmitter T1. This deforms constraint
C1 along the upward Y direction. Similarly, unit displacement on the top face (Fig. 3.3d) leads to
a load flow with a X component along transmitter T2 leading to displacement along this direction.
The complementing load flow behavior in the transmitters lead to an overall negative
Poisson’s ratio, or auxetic behavior as there is simultaneous expansion in both X and Y axis.
Shear modulus: The boundary and loading conditions for evaluating the shear modulus is shown
in Fig. 3.4a. Just as the bulk modulus case, we have two strain loading conditions that will
be considered separately. Once again, for understanding of the load flow behavior better, we
replace the boundary conditions with constraint beam flexures. For both boundary conditions, it
is seen that the load flow directions in the transmitters and constraints are non-conflicting leading
to a qualitatively low shear modulus. More importantly, transmitter T2 in Fig. 3.4c and
transmitter T1 in Fig. 3.4d do not have a constraint beam flexure, and thus deform without
resistance.
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Figure 3.5: Load flow analysis in evaluating shear modulus of a microstructure in 3.1c-d:(a) bound-
ary condition and applied strain for shear modulus analysis, (b) substituting boundary conditions
with beam constraints, (c) load flow analysis on individual TC sets for applying X strain alone, and
(d) load flow analysis on individual TC sets for applying Y strain alone (e-h) Load flow analysis
to evaluate bulk modulus.
3.1.2 Analysis of positive Poisson’s ratio microstructure
We consider another microstructure with positive Poisson’s ratio shown in Fig. 3.1d, and qual-
itatively understand its behavior through load flow mechanics. We will specifically analyze the
deformation modes to evaluate shear and bulk modulus. Just as in the last example, the two
different strains shown as L1 and L2 in Fig. 3.5a will be treated separately. For L1 loading, the
load flow in the transmitter T1 is axial as shown in Fig. 3.5c. However, for L2 loading, the load
flow in transmitter T1 is oriented in the opposite direction, thus causing a conflict. We observe
a similar conflict in the load flow directions in transmitter T1 for the bulk modulus loading and
boundary condition. Furthermore, a positive unit Y strain on the top face leads to a negative
load flow component in the right face (and vice versa) leading to positive Poisson’s ratio. Thus,
Conflicting load flow in the transmitters lead to qualitatively large shear, large bulk
modulus, and positive Poisson’s ratio for this microstructure.
In summary, we make the following correlation between load flow in the microstructure and its
global elastic properties
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1. A material with high bulk or shear modulus demonstrate conflict of load flow orientations in
their transmitters, when independent unit strains are applied according to Fig. 2.1a.
2. A material with negative Poisson’s ratio demonstrates load flow behavior such that any
applied strain in positive X (or Y ) direction is transferred as a corresponding force in the
positive Y (or X) direction.
3. A negative Poisson’s ratio always leads to a low bulk modulus.
3.1.3 Qualitative design problems for planar auxetic microstructures
The Poisson’s ratio of a microstructure can be varied by varying the relative values of shear and
bulk modulus while keeping the young’s modulus of the base material constant [62]. From our load-
flow based understanding, we observed the dependence of the bulk modulus with Poisson’s ratio −
a negative Poisson’s ratio always yields a low Bulk modulus. Thus, planar auxetic microstructures
can be qualitatively classified into
1. Auxetics with low shear modulus
2. Auxetics with high shear modulus
The response to shear loading will be qualitatively assessed based on whether the load flow con-
tradicts in the transmitters of the structure. This will be seen in the subsequent sections.
3.2 Synthesis of planar auxetic microstructures
In this section, we will present guidelines for the de-novo synthesis of microstructures exhibiting
auxetic or negative Poisson’s ratio behavior. The emphasis is on the conceptual design, with details
such as geometry and cross-section dimensions left to a subsequent refinement process. Based on
our understanding of the load flow characteristics in auxetic materials from Section 3.1, our problem
statement will be presented as
Design a microstructure geometry such that any input strain in the axial, or positive X axis
leads to a corresponding transferred force with a component in the transverse or positive Y axis,
and vice versa
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The design methodology will be presented using several steps similar to [63], which are elabo-
rated with an example.
• Step I : Establish the design domain. Determine semicircular bands at the input and output
corresponding to their required displacement directions.
The design domain is shown in Fig. 3.6a. We arbitrarily choose the input to be the bottom right
end, while in general it could be at any point along the right face (R). Any displacement in the
positive X direction here will lead to a load transfer at an angle ±90◦, which is indicated by the
semicircular band SB1 in Fig. 3.6b. This condition arises due to the positive definiteness of the
stiffness matrix at this point. Due to the negative Poisson’s ratio (or auxetic) requirement, the
displacement at the output, which is any point on the top face (T) must be in the positive Y
direction. We arbitrarily choose the top left end as the output, in which case the load transferred
must be along a semicircular band SB2 about this direction.
• Step II : Determine feasible load paths between input and output.
Load paths are a collection of transmitters with axial load flow in them. The first most obvious
solution is to check whether a direct connection between the input and output is feasible. Such a
direct connection would have its load flow oriented towards the input as shown in Fig. 3.6b, which
would not correspond to any direction in SB2. This is true even if the input and output were
moved along their respective edges (R and T). Thus the only possible solution is to bifurcate the
load path and generate two transmitters T1 and T2 shown in Fig. 3.6(c-d). Here, T1 can have load
flow oriented towards SB1 and T2 towards SB2. Next, we design constraints at the intersections
of T1 and T2 that establish these load flow directions.
• Step III : Determine truncated bands at the intersection of the transmitters
To enforce the desired load flow directions in the transmitters, we need to orient constraint beams
at the intersection of T1 and T2. There are only a limited constraint orientations that are possible.
The set of feasible freedom direction of the constraint is determined by the intersection of modified
semicircular bands at the input and output (SB1a and SB2a respectively) which are now determined
about the transmitter orientation [63]. For the load path shown in Fig. 3.6c , the truncated band
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Figure 3.6: Steps involved in the design of auxetic microstructure using the load flow framework
SB3 is very narrow. Furthermore, there is no possible constraint direction within this band that
blends seamlessly with the roller constraints of edge B as shown in Fig. 3.6c. Thus, we explore
other ways to increase the span of the truncated band SB3. One possible solution is to change the
output to a different location in the top face as shown in Fig. 3.6d.
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Figure 3.7: Variation of Poisson’s ratio with strain.(a) shows for νxy and (b) shows for νyx.
• Step IV : Determine constraint directions that correspond to the microstructure boundary
conditions
It is clear from the geometry that the only constraint possible is, the restriction against Y motion,
which is shown in Fig. 3.6e as constraint C1. Its direction of freedom coincides with a feasible
direction in the truncated band SB3. Furthermore, we add a constraint C2 at the output to ensure
pure Y translation.
• Step V : Assemble the symmetric quarter sections of the microstructure.
The assembled microstructure is shown in Fig. 3.6f. A prototype of this microstructure was
fabricated as a 2 × 2 array using additive manufacturing as shown in Fig. 3.8. A positive X
deflection of 32 mm yielded a positive Y deflection of around 15 mm, thus demonstrating negative
Poisson’s ratio. Also, numerical simulations for the variation of Poisson’s ratio with strain are
conducted in ABAQUS with plain stress assumption. The results depicted in Fig. 3.7 show a
smaller increase of νxy and a rapid decrease of νyx with positive strain. The trends match with
deformation of auxetic honeycombs [64].
In the process illustrated so far, there are a number of decisions that the designer had freedom
to choose. A different, yet feasible choice of (a) number of load paths, (b) input and output
locations and (c) constraint locations will yield different microstructure designs. In Fig. 3.9(a-
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Figure 3.8: Fabricated prototype of the auxetic microstructure from Fig. 3.6f. (a) undeformed
microstructure, (b) a positive X direction displacement at the right face shows a clear positive Y
direction deformation in the top face.
h), we demonstrate various microstructure geometries obtained using the load flow-based design
framework that potentially exhibit auxetic behavior. The first two microstructure topologies consist
of two load paths similar to Fig. 3.6, but with different inputs, while the last two topologies consist
of three load paths.
3.2.1 Qualitative classification of the solutions
For the five auxetic microstructure designs presented (Fig. 3.6-3.9), we will attempt to classify
them into two qualitative classes introduced in Section 4.3. Since all the designs exhibit negative
Poisson’s ratio, the only distinguishing feature is the shear modulus.
The analysis for qualitative shear modulus for two contrasting designs (Fig. 3.9c and g) are
shown in Fig. 3.10. The analysis of load flow for shear is similar to the examples in Fig. 3.5.
The Fig. 3.9c mechanism exhibits complementing load flow in its transmitter T2 (3.10c-d) . Fur-
thermore, the nature of load flow is not completely axial because the transmitter is not properly
constrained. This yields flexibility and consequently a qualitatively low shear modulus. On the
other hand, a similar analysis of Fig. 3.9g mechanism shows clear axial and contradicting load flow
in its transmitters T2 and T3. We thus expect qualitatively high shear modulus for this case. Using
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Figure 3.9: Design of alternative microstructure topologies from load flow-based framework and
their deformations demonstrating auxetic behavior
similar load flow based inferences, it was found that all the microstructures with the exception of
Fig. 3.9g could be classified as auxetic low shear microstructures. In the next section, we will relate
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Figure 3.10: Qualitative analysis of shear modulus using load flow visualization (a-d) and auxetic
design with high shear modulus (e-h)
these qualitative classes to secondary attributes such as isotropy.
3.3 Obtaining Isotropy
Most of the auxetic microstructural designs obtained in the literature are anisotropic in nature [65].
Even though anisotropic designs can achieve higher negative posisson’s ratios, their directional
dependence is an impediment when being deployed in practical applications. Researchers have
previously alluded to the difficulty involved in obtaining the isotropic designs [4, 65]. Even with
computational tools such as topology optimization, it is a challenging task to impose isotropic con-
straints and obtain manufacturable designs [4]. In this section, we formulate a shape optimization
framework to render the conceptual microstructures isotropic. The problem statement with the




:(ν − ν∗)2 (3.1)







Lbi ≤ Xi ≤ Ubi (3.4)
Here, ν is the Poisson’s ratio of the microstructure obtained from numerical homogenization,
ν∗ is the desired Poisson’s ratio, and ε is a small numerically insignificant quantity. The isotropic
constraints require that the C1111 and C2222 be close to each other. Furthermore, the shear term
C1212 is required to be very close to half the difference between C1111 and C1122 terms. This
implies that the isotropy constraints reduce the number of elastic constants to two, with shear
modulus being related to the Poisson’s ratio and Bulk modulus. Here, the design variables Xi’s
are coordinates of the points and also the width of each beams as shown in Fig. 3.11(a).
We ran this optimization formulation with the objective of desired Poisson’s ratio ν∗ = −1 on
the conceptual designs obtained in Fig. 3.9(a,c,e,g), and observed that microstructural designs in
Fig. 3.9(a,c,e) couldn’t satisfy the isotropic constraints mentioned in Eqs. 3.2-3.3, even after an
extensive design space search. Only the microstructure Fig. 3.9(g) could satisfy both the posed
constraints to give an isotropic auxetic design as shown in Fig. 3.11(b). A possible explanation
here is because of the high qualitative shear modulus of the Fig. 3.9g mechanism. Eq. 5.2 requires
the shear modulus C1212 to have the same order of magnitude as the Young’s modulus C1111. For
microstructures composed of thin slender beams, this implies that the shear modulus must be








Figure 3.11: (a) is the initial geometry and (b) is the optimized quarter cell geometry with isotropy







The homogenized elasticity matrices of the unoptimized and optimized designs of Fig. 3.11(a,c)
are shown in Eq. 3.5 and Eq. 3.6 respectively. We can clearly see that the optimized design satisfies
the isotropic constraints [67].
3.4 Conclusion
This chapter presents a first-of-its-kind treatment of the analysis and design of planar auxetic mi-
crostructures using load flow visualization. Load flow visualization has been previously employed
to obtain insight into the working of compliant mechanisms by identifying maximally decoupled
building blocks known as transmitter constraint (TC) sets that constitute its topology. In this
chapter we analyze microstructure behavior using load flow in the TC sets and relate their quali-
tative material properties such as Poisson’s ratio, bulk modulus and shear modulus. This insight
has been used to synthesize novel topologies for negative Poisson’s ratio microstructures.
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An important contribution was to identify two fundamental classes of problems that auxetic
microstructures can be classified into based on their qualitative shear response, which was informed
by the load flow behavior. A link was shown to relate practical attributes such as material isotropy
to the shear modulii; a larger value demonstrating a greater inclination to achieve isotropy. Such
an insight has never been presented earlier, and its implications will be studied in detail in future
work.
In general, design of metamaterials using structural optimization is an intensive and computa-
tionally expensive process. The framework presented in this chapter divides the design process into
two phases: (a) Conceptual design phase, where we obtain the conceptual geometry using the load
flow behavior and (b) shape optimization of the obtained geometry to meet the required elastic
properties. The latter phase was demonstrated to obtain isotropic elastic properties.
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Chapter 4
Design of 3D Compliant and Shape
Morphing Mechanisms
1
Synthesis of spatial compliant mechanisms for morphing surfaces in three dimensions is challenging
as it not only involves meeting the kinematic requirement for spatial shape change, but also provid-
ing support against external loads. In three dimensions, there are no existing insightful techniques
for synthesis, and the computational approaches are rendered complex. This chapter builds on a
new insightful technique to synthesize compliant mechanism topologies by visualizing a kinetostatic
field of forces that flow through the mechanism geometry. Such a framework when extended to
three dimensions, enables a maximally decoupled synthesis framework of shape morphing compliant
surfaces, where a primary mechanism meets the shape change requirement, and an auxiliary mech-
anism provides the required support under external loads. The preliminary design guidelines are
implemented using an immersive Virtual Reality based design tool, and verified using finite element
simulations for several spatial compliant mechanisms. This design framework is deemed useful for
a larger class of shape morphing structures beyond the examples presented in the chapter.
4.1 Introduction
4.1.1 Motivation
Shape morphing surfaces are surfaces that change their shape, or morph, mainly to adapt to differ-
ent operating conditions. For example, shape morphing airfoils [68] maintain the efficiency of flight
in aircrafts and energy capture in wind turbines [69] under varying wind speeds and loads. Shape
changing seats [70] provide customized lumbar support to different users by curving to the shape
of a human spine. Shape morphing antennae can vary the focus points of reflected electromagnetic
1Patiballa, Sreekalyan, et al. ”A Conceptual Design Tool for Synthesis of Spatial Compliant and Shape Morphing
Mechanisms.” ASME 2018 International Design Engineering Technical Conferences and Computers and Information
in Engineering Conference. American Society of Mechanical Engineers, 2018.
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Figure 4.1: Distinguishing planar and spatial shape morphing. (a) planar shape morphing and
(b,c) shape morphing of a spatial plane before and after shape morphing
waves based on changing needs [71]. Owing to their popularity, several actuation schemes (active
cellular structures [72], active skins etc.) have been proposed for active structural morphing, of
which using internal compliant structures [73] is one method. Compliant shape morphing structures
are compact, require fewer actuators, provide precise motion and are lightweight [74] .
While most literature consider morphing within the planar (or 2D) domain alone, the aforemen-
tioned applications deform spatially necessitating full 3D consideration. The planar and spatial
shape morphing can be depicted as in Fig. 4.1. Furthermore, controlling shapes spatially can
lead to additional performance benefits and greater adaptability. However, spatial deformation is
challenging to design for because of its nonintuitive kinematic requirement. This work is motivated
by the lack of systematic synthesis methodologies for shape morphing compliant structures that
can specifically deal with three dimensions in literature.
4.1.2 Related work
The crux of the design problem for shape morphing compliant surfaces is to determine an opti-
mal layout of internal compliant members that perform two basic functionalities [70, 73–76]: (i)
Kinematics: provide the required shape change , and (ii) Structural support: resist deformation
of the surface due to external loads. Simultaneously achieving these two functionalities is com-
plicated, and requires computationally intense methods. Topology optimization and its variants
are routinely used to negotiate the complexity. Lu and Kota [73] proposed a load path method
that uses genetic algorithms to synthesize optimal connectivities of deforming beam elements. A
similar approach was proposed by Schmiedler et al. [76] with an initial design conceptualized from
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rigid link solutions. However, both these methods become intractable or exceedingly complex
when extended to three dimensions. To the authors best knowledge there have been no reports of
the systematic extension of existing computational methods to three dimensional shape morphing
compliant mechanisms.
Recent advances in designing spatial flexure mechanisms and auxetic metamaterials have high-
lighted the advantages of insightful or descriptive methods. Freedom Actuation and Constraint
Topology (FACT) [48] is one such method where projective geometry rules coupled with simple
guidelines can lead to exploring all possibilities in the design space of spatial flexures. The de-
signer can explore several conceptual solutions on pen and paper that are kinematically feasible,
and refine the design with computationally less expensive methods. FACT cannot be directly ex-
tended to designing shape morphing compliant mechanisms because it involves transfer of forces
and displacements between several distinct input and output ports. In this work, we will explore an
insightful synthesis method for shape morphing where the user can conceptualize several feasible
topologies without the need for computationally expensive tools.
4.1.3 Approach
In this work, we limit our consideration to distributed compliant mechanisms composed of long
slender members or beams that actuate the shape change. Designing shape morphing compliant
mechanisms can be categorized as a multiple input multiple output problem where the input is
controlled by the actuators and the output is fixed at optimal locations on the surface. The
motion and forces from the actuators are required to be transferred to the output surface to affect
the required deformation and support against external forces. To deal with such transfers with
distinct input and output regions, the authors have previously developed an insightful method by
visualizing a kinetostatic vector field of forces that flow through the geometry [58]. The nature and
orientation of these force fields enable identification of certain members in the compliant mechanism
as transmitters (T) and certain others as constraints (C). Transmitters transmit forces from input
to output, while constraints deform along a specified direction thereby storing energy. The theory of
load flow has been formalized by the authors for qualitative analysis and design of planar compliant
mechanisms and metamaterials in prior work [57, 58, 63, 77]. Load flow based design has been
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demonstrated to be insightful, leading to simple pen and paper sketches of kinematically feasible
conceptual topologies.
In this work, we initiate two significant leaps for the load flow based synthesis approach by (a)
extending the guidelines to synthesize spatial compliant mechanisms and (b) proposing a unique
method to synthesize spatial shape morphing structures by strategically decoupling the require-
ments of kinematics and structural support. We believe these approaches demystify the topology
synthesis for problems that are thought to be accomplished by numerically intensive methods alone.
However, extension to three dimensions may not directly permit pen and paper sketches, except for
some simple cases. Spatial design requires negotiating geometries such as hemispheres and other
solid objects that may be nonintuitive without immersive visual aids. Thus, we have developed
a Virtual Reality tool to enable quick and insightful synthesis. While the method is powerful, it
must be kept in mind that the synthesis process is conceptually valid for small deformation, and
requires refinement to exactly meet the problem specifications. The chapter is organized as follows.
Section 2 lays out the guidelines for spatial compliant mechanism synthesis. Section 3 details the
decoupled approach for solving shape morphing compliant mechanisms. Section 4 presents several
examples by using this method. Finally we summarize the contributions and conclude with Section
5.
4.2 Load flow based design of spatial compliant mechanisms
Load flow based design has been elaborated for analysis in [58] and for design of planar compliant
mechanisms and auxetic metamaterials in [57, 63, 78]. First, we summarize the salient features of
the method.
1. Load flow is defined as the transferred force between two distinct points in a continuum. It is
a fictitious force applied at the output that leads to the same output deformation as an unit
force applied at the input ( Eqs.1-6 and Fig. 1 in [58]).
2. In compliant mechanisms composed of slender beam members, certain members have an axial
load flow and are called transmitters, while other members have a transverse load flow, and
moments and are called constraints (Figs. 4-6 in [58]).
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3. A dyad set composed of one transmitter beam (T) and one constraint beam (C) are maximally
decoupled from the rest of the mechanism and form the fundamental building block (Sec. 4
in [58])
4. A point in the topology has freedom to move in all directions within a semicircular band (
±90◦) with respect to the transferred load flow at that point. Its actual deformation direction
is in the intersection of the freedom line of a constraint and the semicircular band (Fig. 4
in [57]).
Based on this understanding, the design process can be summarized as follows for a planar
single input single output compliant mechanism (Sec. 5 in [57]).
1. Setup a design domain and choose semicircular bands at the input and output.
2. Design constraints at the input and output.
3. Determine feasible load paths between the input and output.
4. Determine constraint directions at the intersection of transmitters based on truncated semi-
circular bands.
The load flow based insight and the generalized design rules are expected to hold true for three
dimensional compliant mechanisms. The only difference between the planar and spatial compliant
mechanisms is that, instead of a semicircular band in the planar case, each point in the spatial
case is free to translate along directions contained within a hemispherical band centered around
the direction of the load flow. Furthermore, a planar constraint (two constraint beams or a sheet
flexure) is needed to fix the translation along a single direction in the spatial designs. Consequently,
the basic building block of a compliant dyad in the planar case will be a compliant triad in the
spatial case, as shown in Fig. 4.2(a,b). For these class of mechanisms, we will not specifically deal
with constraining rotation.
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Figure 4.2: Basic building block (a) a compliant dyad in the planar case and (b) a compliant triad
in the spatial case
4.2.1 Design guidelines to synthesize spatial distributed compliant
mechanisms
In this section, we will further elaborate on the synthesis guidelines of spatial compliant mechanisms
by juxtaposing it with a planar mechanism example. For the demonstration, we have considered
a single input single output (SISO) compliant mechanism in planar (Figs. 4.3a,c,e) and spatial
domains (Figs. 4.3b,d,f,g).
Setup a design domain and choose hemispherical bands at input and output.
From the problem definition, we first establish a design domain. Then, hemispherical bands are
determined at the input and the output according to the required displacement directions, as
described in the problem definition. The problem definition can be clearly seen in Fig. 4.3(a) and
Fig. 4.3(b) for planar and spatial designs, respectively. We can see that the semicircular bands in
the planar domain extend to hemispherical bands in the spatial domain.
Design constraints at the input and output.
Once the design domain has been established, we need to choose the input and output constraints.
For planar problems, a single beam is sufficient to constrain the input and output. The input and
output constraints are C1 and C2, respectively, as shown in Fig. 4.3(c). For the spatial design, we
require a planar constraint and hence, we utilize two beams to constrain the input and two beams
to constrain the output. The constraints at input are C1, C2 and the constraints at output are C3,
C4, as shown in Fig. 4.3(d).
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Determine feasible load paths between the input and output.
We need to select a feasible load path direction between the input and output, which is defined by
the transmitters. The first, simple feasibility check is to choose a direct transmitter connecting the
input and output as shown in Figs. 4.3(c,d). For the given problem specifications, we see that the
input load flow in the transmitter (given by blue arrows) doesn’t correspond to any displacement
direction in the output semicircular (SB2) or hemispherical (HB2) bands. Hence, we chose a
bifurcated load path with two transmitters as shown in Figs. 4.3(e,f). The load flow in each
transmitter is made to correspond to the directions in the input and output bands respectively.
Constraint placement
The final step is to place the appropriate constraints at the load path junction that enforces
the desired load flow directions in the transmitters. This placement of constraints is done using
truncated bands. The intersection of two semicircular bands in the planar case gives a truncated
semicircular band SB3, as shown in Fig. 4.3(e). This truncated band represents all the feasible
degrees of freedom for the intersection point. We choose a particular deformation direction and
place the constraint perpendicular to the chosen direction as shown in Fig. 4.3(e). Here, the
chosen direction is represented by a dotted line passing through the truncated semicircular band
SB3 and the constraint is C3. For the spatial design, similar to the planar case, the degrees of
freedom of the intersection are given by truncated hemispherical band HB3, as shown in Fig.
4.3(g). Consequently, the chosen deformation direction is represented by a dotted line and the
constraints C5, C6 are chosen to enforce the load flow in the transmitters.
Designs obtained in the planar and spatial domains are validated using an in-house finite el-
ement software written in MATLAB as shown in Figs. 4.4(a,b). The deformed profiles of both
designs are shown and satisfy the conceptual design requirements. It is important to note that
the proposed design method is qualitative and valid for small deformations. To satisfy any quan-
titative requirements such as stiffness or stress, a shape-size optimization can be performed on the
obtained conceptual topology to satisfy the quantitative design specifications. Stress requirements
are important in the case of the compliant mechanism design and the authors have previously pro-
posed a method to rapidly estimate the final optimized stresses even before the shape refinement
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Figure 4.3: Steps involved in the design of planar and spatial compliant mechanisms using the load
flow based synthesis: problem definition for (a) planar design and (b) spatial design, feasibility
check for the direct transmitter connection for (c) planar design and (d) spatial design, constraint
placements at the intersection according to (e) semicircular bands for planar design and according
to (f,g) hemispherical bands for spatial design
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Figure 4.4: Validation of (a) planar design and (b) spatial design using finite element analysis.
(Undeformed mechanism is shown in black and deformed shown in red)
optimization [53].
4.2.2 Immersive design and rapid analysis tool
From the illustrative example, we clearly see that the design process is simple in planar designs
and can be attained using pen and paper. However, in three dimensions, the hemispherical bands
and the truncated hemispherical bands are hard to visualize leading to difficulties in constraint
design and placement. Thus, we have developed a virtual reality tool to create an immersive design
experience for the user. Utilizing the virtual reality (VR) tool, a designer can clearly visualize the
whole design process as can be seen in Fig. 4.5. Fig. 4.5(a) depicts input and output along with
their constraints, transmitters and truncated hemispherical band at the intersection. The designer
can choose the deformation direction, represented by a dotted line as shown in Fig.4.5(b). Once
the deformation direction is chosen, a perpendicular constraint plane is displayed on which we can
choose the constraints. This process is shown in Figs. 4.5(c,d). Another important advantage
of the VR tool is that it can perform rapid analysis to verify the required deformations of the
mechanisms. This capability can be seen in Fig. 4.5(e), where the analysis is shown in red. In the
next section, we will extend the proposed guidelines to the synthesis of shape morphing surfaces.
4.3 Design guidelines for shape morphing
In the previous section, we have demonstrated an example of compliant mechanism design with
single input and single output. Here, we extend the proposed design guidelines to synthesize spatial
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Figure 4.5: Design of spatial mechanisms using virtual reality (VR) tool. (a) Design domain
showing input, output and intermediate points. Also shows the input, output hemispherical bands
and truncated hemispherical band at the intersection. (b) choosing the deformation direction of
the intermediate node, (c) the plane perpendicular to the chosen direction to place constraints, (d)
the complete design and (e) analysis of the obtained design (deformation is shown in red)
shape morphing mechanisms. For simplicity, we will first consider shape morphing actuated by a
single input. A compliant mechanism topology acts as a transfer mechanism of input forces to
different output locations on the surface, through the visualized load flow path. Thus, the problem
simplifies to determining the number, magnitude, and location of point forces that need to be
applied on the surface to affect a particular shape change. If this is known, a compliant mechanism
can be designed to transfer the required forces to the output by considering it as a single input
multiple output problem [63]. The design steps are enumerated below.
1. Determine the number, magnitude and orientation of multiple point forces that cause the
required shape change.
2. Choose appropriate inputs and design the compliant mechanism.
3. Design of auxiliary mechanism, if necessary, to support against the external loads.
We will present an example to illustrate the design steps. Here, the design problem is to
synthesize a shape morphing mechanism that can bend the given surface, as shown in Fig. 4.6(a).
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Figure 4.6: Shape morphing mechanism that can bend. (a) Required shape change, (b) shows the
required number of point forces to get the shape change, (c) problem definition with single input
and two outputs O1 and O2 (d) design obtained usign VR tool, (e) analysis of the design in VR
(deformation is shown in red)
The first step in the design process is to determine the number of point forces that can affect the
required bend. For the given problem, this can be done by two point forces at the two ends of the
surface with displacements in positive Z-direction as shown in Figs. 4.6(b,c). After we choose the
appropriate outputs, we need to choose the inputs. We have chosen a single input design as shown
in Fig. 4.6(c). Now, the design problem is solved according to the guidelines provided in Sec. 4.2.1
by choosing feasible load paths, and constraints at the intermediate junctions. It is important to
note that no separate input and output constraints are required because the deflections at these
regions are constrained by the actuator and the surface respectively. The Virtual Reality (VR)
tool was used for the design process. The design and analysis of the mechanism obtained in the
VR tool is shown in Figs. 4.6(d,e). The linear beam analysis performed in the VR tool is used to
quickly validate the mechanism. Currently, the VR tool cannot perform analysis on the surface,
requiring an external package to perform the integrated design.
Hence, the validation of the mechanism is carried out in a commercial finite element soft-
ware ABAQUS. The three dimensional shell is created using quadrilateral shell elements and the
mechanism is created using three dimensional beam elements. The shell and the mechanism are
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Figure 4.7: Steps involved in designing an auxiliary mechanism. (a,b) The shape morphing of the
surface is shown in 3d view and 2d view, (c,d) the deformation of the surface upon external loads
in shown in 3d view and 2d view (maximaly impacted region is shown in red), (e) deformation of
the auxiliary mechanism (the circled region shows that it has same deflection as the region in (b)),
(f,g) deformation of surface with auxiliary mechanism upon external loads shown in 3d view and
2d view
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constrained using tie-constraint at the outputs. Upon force application at the input, the shape
morph in the surface can be clearly observed and shown in Fig.4.7(a) (3d view) and 4.7(b) (2d
view).
4.3.1 Designing an auxiliary mechanism to provide support
One of the important design criteria for shape morphing mechanisms is to resist the external loads
without compromising their shape morphing ability. The design obtained in Fig. 4.7(a) is subjected
to a uniform distributed load on its top surface. It is seen in Fig. 4.7(c,d), that the mid span of the
surface deforms excessively when a uniform pressure load is applied on it. We then choose regions
on the surface that maximally deviate from the required profile (circled in Fig. 4.7d). Hence, the
final step of the design process is to design an auxiliary mechanism that can minimize the effect
of external loads at the impacted region. The main functionality of the auxiliary mechanism is to
provide additional stiffness to the surface without changing its deformed profile kinematics. This
implies that the auxiliary mechanism has to be kinematically compatible with the deformed profile.
We propose a simple strategy to design a kinematically compatible auxiliary mechanism. First,
we evaluate the required deflection at the critical point (circled red in Fig. 4.7c,d). Then, we
design another single input single output mechanism such that its output deflection matches with
the required surface deflection as shown in Fig. 4.7(e). Then, we connect the output of the auxiliary
mechanism to the critical region in the surface. The resulting mechanism shown in Figs. 4.7(f,g)
deviate little from the required deformed shape even under the application of external pressure
loads.
This final step can be subdivided into various tasks. The first task is to observe the deformation
of the design upon external loads. The design obtained in Fig. 4.7(a) is subjected to a uniform
distributed load on its top surface. The deformations in 3d and 2d views are depicted in Figs.
4.7(c,d). Now, from the observed deformation,the second task is to choose regions that are most
impacted by the external load. At this region, we design an auxiliary mechanism to provide support
and to resist the external loads. In Fig. 4.7(d), the most impacted region is shown as a red circle.
The third task is to design the auxiliary mechanism using the same guidelines proposed in Sec.
4.2.1. The auxiliary mechanism design process has been performed using VR tool and the obtained
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auxiliary mechanism is imported into ABAQUS for further analysis. The deformation with the
auxiliary mechanism is as shown in Figs. 4.7(f,g).
4.4 Shape morphing examples
In this section, we present various examples to demonstrate and validate the design guidelines
proposed in previous sections. The shape morphing mechanisms can be classified according to the
number of shape modes as :
1. Single mode shape morphing
2. Multiple mode shape morphing
A single mode mechanism can only morph into one shape, as in example from Fig. 4.6. A
multiple mode mechanism can morph into more than one shape. This morphing characteristic in
multiple mode mechanisms is achieved by using multiple inputs, where each input controls a shape
change. In this section, we present examples in each of the classified modes.
4.4.1 Single mode shape morphing mechanisms
Mechanism 1: Parabolic dish
The first example illustrated here is a shape morphing mechanism to morph a parabolic dish. This
is inspired from the parabolic light reflector in Ref. [79]. The desired mechanism has to morph
the parabolic dish as shown in Fig. 4.8(a). Following the proposed guidelines, the mechanism
has been designed using the VR tool, as shown in Fig. 4.8(b). Once the mechanism is obtained
that performs the necessary shape change, the following step in the design process is to analyze the
mechanism under external loads. This analysis is shown in Fig. 4.8(d). We can observe two regions
that are maximally impacted by the external load at these critical points (circled in red) and need
to design necessary supports to resist the external load. Here, we have demonstrated two ways to
design supports. The first is to use an auxiliary mechanism to provide the necessary support and to
resist the loads, while not compromising on the kinematics of the shape morphing. The auxiliary
mechanism is designed following the guidelines provide in Sec. 4.3.1 and is shown in Fig. 4.8(e).
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Another way is to construct supports by kinematically coupling the constraint deformation to the
surface deformation as shown in Fig. 4.8(f). Here, we have 3 supports from the constraint beams
onto the surface to resist the external loads. Thus, the designer has a choice to design an auxiliary
mechanism or to use constraints to provide the necessary support, as the support provided by the
constraints can be limited.
Mechanism 2: Twist
Here, we will illustrate an example where the desired morphing shape is a twist. Since, this is also
a single mode mechanism, we will use a single input to control the shape. The problem definition
and design domain are shown in Figs. 4.9(a,b). Similar to the previous example, we observe the
impacted regions upon external loads and design the auxiliary mechanism to resist the external
loads. Next, we will illustrate two examples with multiple modes.
4.4.2 Multiple mode shape morphing mechanisms
Mechanism 1: Twist/bend
The first mechanism requires two modes, one mode is a twist and other is bending. Since, we
require two shape modes, we need to have two inputs. The shape modes and problem definition
are shown in Fig. 4.10(a,b). To achieve bending mode, we have both the inputs in same direction,
where as to achieve twisting mode, inputs are in opposite direction. The designs are obtained using
the VR tool. The bending and twisting modes with no external loads are shown in Figs. 4.10(c,f).
Hence, utilizing multiple outputs, the shape modes conceivable can be increased. We can actually
attain four different shapes : (a) bending in both directions and (b) twisting in both directions, by
selectively choosing the two inputs. Once we have a design, the deformations under the external
loading are observed. For both the modes, the mechanism under external load can be depicted in
Figs. 4.10(d,g). The maximally impacted regions are shown in red and the auxiliary mechanisms
are designed to resist the impact at these regions, which is shown in Figs. 4.10(g,h).
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Figure 4.8: Shape morphing of a parabolic dish (a) design problem with two outputs O1 and O2 (b)
mechanism obtained using VR tool (where I shown is the input) (c) depicts shape morph with no
external load (d) shows planar and 3d view of the mechanism with external loads (The maximum
impacted regions are shown in red) (e) modified design with auxiliary mechanism (f) modified
design with supports from constraints. Figures (c-f) are from ABAQUS
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Figure 4.9: Shape morphing mechanism to achieve twist (a) problem definition (b) design domain
that shows Input I and two outputs O1 and O2 (c) mechanism obtained using VR tool with
external loads (The maximum impacted regions are shown in red) (d) modified design with auxiliary
mechanism. Figures (c,d) are from ABAQUS
Mechanism 2: Complex 3d shapes
The second mechanism illustrates the potential of the proposed design method to achieve morphing
for complex 3d shapes. Here, we require two different complex shapes, as shown in Figs. 4.11(a,b).
Since, it is two mode problem, we have two inputs. The problem definitions for each of the shape
modes are shown in Figs. 4.11(c,e). The designs are obtained utilizing the VR tool and are validated
in ABAQUS as shown in Figs. 4.11(d)-(f).
4.5 Conclusion
This chapter presents a conceptual tool to design spatial compliant mechanisms and shape mor-
phing mechanisms using load flow based synthesis. Previously, load flow based synthesis has been
successfully employed to design planar compliant mechanisms and planar mechanical metamateri-
als. In this work, the load flow based synthesis technique has been extended to spatial compliant
mechanisms and to shape morphing mechanisms. To overcome the difficulty in visualization during
the design process, a virtual reality (VR) tool has been developed. The novelty of the VR tool is
that, it not only gives an immersive visual environment for designing, but also rapidly performs
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Figure 4.10: Shape morphing mechanism with 2 modes : bend and twist (a) design problem with
two outputs O1 and O2 and two inputs I1 and I2 for bending mode (b) design problem with two
outputs O1 and O2 and two inputs I1 and I2 for twisting mode (c) depicts shape morph with
no external load for bending mode (d) shows 3d view of the mechanism with external loads for
bending mode (The maximum deformation regions are shown in red) (e) modified design with
auxiliary mechanism for bending mode (f) depicts shape morph with no external load for twisting
mode (g) shows 3d view of the mechanism with external loads for twisting mode (The maximum
deformation regions are shown in red) (h) modified design with auxiliary mechanism for twisting
mode. Figures (c-h) are from ABAQUS
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Figure 4.11: Shape morphing mechanisms to achieve complex 3d shapes (a)-(b) required shape
morphing shapes (c) problem definition with two inputs I1 and I2, each input controlling two
outputs i.e, input I1 controls outputs O1 and O2, while input I2 controls outputs O3 and O4 (d)
mechanism with both inputs in opposite directions (e) problem definition to achieve shape morph
in (b), (f) mechanism with both inputs in same direction. Figures (d,f) are from ABAQUS
the preliminary qualitative analysis to check the requirements of the design. Detailed guidelines for
compliant mechanism synthesis and for shape morphing mechanisms has been presented. Various
examples are presented to demonstrate and validate the proposed design methodology. Currently,
the VR tool is used to design the mechanism alone and cannot perform the analysis on the surfaces.
In future, we would like to improve the VR tool to integrate various surface geometries and also
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to perform nonlinear analysis to validate the design. With the presented work, the whole design
process can be classified into two phases : (a) conceptual design phase that utilizes the guidelines
provided in this chapter to obtain conceptual topologies and (b) a refinement phase, where a shape
optimization is used to meet the design specifications. Furthermore, all the shape morphing exam-
ples provided are for morphing open surfaces. In future work, we will extend the current design
methodology to closed spatial surfaces.
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Chapter 5
Design of 3D Mechanical
Metamaterials
Mechanical metamaterials have generated considerable interest due to their unique attributes such as
light weight, high strength, enhanced energy absorption, high impact, and fracture resistance. How-
ever, most of the design methodologies in literature are predominantly computational and provide
limited user-insight (especially for three-dimensional designs). This chapter presents an alternative
two-phase design methodology for the conceptual synthesis of three-dimensional tunable mechanical
metamaterials. In the first phase, we obtain a kinematically feasible conceptual topology using a
building block-based design approach. In the second phase, the conceptual topology is refined using
shape/size optimization to meet specific elastic properties and conform to manufacturing require-
ments. The building block-based approach uses a unique visualization formulation that represents
the deformation behavior as ‘load flow’ in the constituent members. An immersive virtual reality
tool is developed to mitigate the visual difficulty in the design of three-dimensional microstructures.
Furthermore, the load flow formulation is used to propose a qualitative classification scheme for
negative Poisson’s ratio elastic metamaterials based on relative values of shear moduli and bi-axial
elastic moduli. The efficacy of the framework is illustrated through the design of microstructures
with negative Poisson’s ratios in spatial directions and the ability to achieve isotropic microstruc-
tures from a qualitative understanding of the conceptual designs. Such a framework can lead to the
design of synthetic materials that have potential applications in multifunctional structures, shape
morphing structures, and soft robotics.
5.1 Qualitative analysis of 3D microstructures
In this section, we will perform qualitative analysis on existing three-dimensional microstructures
to understand their global material behavior. As discussed in Chapter 2, the qualitative analysis is
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Figure 5.1: Auxetic and positive Poisson’s ratio with high bulk and shear modulus microstructures
(a,b,c) Three-dimensional auxetic microstructure shown in different views,(d) deformed profile of
the microstructure (red color indicates deformation), (e) eight of the complete microstructure used
for qualitative analysis, (f,g,h) Three-dimensional positive Poisson’s ratio microstructure with High
bulk and shear modulus shown in different views, (i) deformed profile of the microstructure, (j)
eight of the complete microstructure used for qualitative analysis.
performed by visualizing the load flow through the mechanism geometry and functionally charac-
terizing the mechanism’s constituent members into transmitter-constraint (TC) sets. This analysis
helps us to demystify the relation between microstructural deformations and their global material
properties such as Poisson’s ratio, shear moduli and bulk modulus. From Strain Energy-Based
Homogenization, global material properties are mapped to 9 different loading cases, as presented
in Section 2.1.2.
5.1.1 Load flow visualization of 3D microstructures
We consider two three-dimensional material microstructures from literature, one of them is an
auxetic microstructure (i.e., having negative Poisson’s ratio) and other a positive Poisson’s ratio
microstructure with high bulk and shear modulus ( [21]).These microstructures and their corre-
sponding deformations upon loading are shown in Figs. 5.1(a-e) and Figs. 5.1(f-j) respectively.
Since the microstructures are orthotropic, only an eighth (one-eighth) of the complete microstruc-
ture is considered for the qualitative analysis as shown in Figs. 5.1(e,j).
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Analysis of three-dimensional Auxetic microstructure
The auxetic microstructure considered in Fig. 5.1(e) has negative Poisson’s ratio in all the three
directions i.e. νxy, νxz and νyz. To understand the global material behavior of such a microstructure,
load flow visualization summarized in Chapter 2 can be performed on each loading case of Fig.
2.3. The first loading case that we consider is the bi-axial strain case in XZ direction (shown in
Fig. 2.3(h)) as it divulges insight into the negative Poisson’s ratio behavior. This loading case has
unit strains in both X and Z directions i.e. on top (T ) and left (L) planes, and all other planes
have symmetry boundary conditions shown as roller constraints in Fig. 5.2(a). To understand the
load flow behavior analogous to compliant mechanisms, the roller constraints are replaced by beam
flexures as in Fig. 5.2(b). For example, the down plane (D) is constrained against Z translation
and the beam flexures (in green) represent this constraint.
To simplify the qualitative understanding of the bi-axial strain case, we consider the strain in X
and Y directions independently as in Figs. 5.2(c,f). The analysis with strain in X direction alone
is depicted in Fig. 5.2(c). To further simplify, we consider the load flow visualization at strains
LX1 and LX2 independently as in Fig. 5.2(d,e). From Chapter 2, load flow formulation allows to
understand the mechanism geometry modularly by partitioning the mechanism into transmitter-
constraints (TC) sets, which constitutes the qualitative analysis of the microstructure.
The strain LX1 applied on transmitter-constraint set (T5-C7) leads to an axial load flow in
transmitter member T5. In these figures, the load flow in constraints is not depicted explicitly to
limit clutter, but it consists primarily of transverse and moment components consistent with strain
energy storage or deformation. For example, the load flow in constraint C7 will be significantly
transverse to its axis along X-direction allowing the applied deformation. The transferred load at
the end of transmitter T5 acts an input to the next transmitter-constraint set (T6-C8) shown in
Fig. 5.2(d). The transferred load out of T6 is now oriented along Y direction. Now, the transferred
load at the end of transmitter T6 acts an an input to transmitter-constraint set (T7-C9) and the
load flow behavior is depicted. From the load flow visualization of strain along X-direction, we
can infer that the load flow along positive X-direction transforms into load flow along positive Y -
direction in transmitter T6. We believe this is the reason for the negative Poisson’s ratio behavior
in XY -direction. Similarly, the strain LX2 applied on transmitter-constraint set (T1-C2) leads to
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an axial load flow in transmitter member T1. The transferred load at the end of transmitter T1
acts an input to the next transmitter-Constraint set (T8-C3C4) shown in Fig. 5.2(e). This enables
the load flow in transmitter T8 along positive (Z) direction. We can infer that the load flow along
positive X-direction transforms into load flow along positive Z-direction in transmitter T8 leading
to negative Poisson’s ratio in XZ-direction.
Next, we analyze the microstructure with strain along Z direction alone, shown in Fig. 5.2(f).
We divide this strain into LZ1 and LZ2 and visualize the load flow independently. The analysis
follows similar to the previous strain case along X direction. Strain LZ1 applied along Z will lead
to load flow behavior shown in Fig. 5.2(g). The load flow in transmitter-constraint set (T6-C8)
explains the negative Poisson’s ratio behavior along ZY -direction - strain applied along Z induces
a load flow along Y direction in transmitter T6. It is interesting to observe in this case that
transmitter T4 acts as a constraint enabling such load flow behavior. Similarly, the applied strain
LZ2 leads to load flow behavior shown in Fig. 5.2(h). There is an axial load flow in transmitter
T8 along the applied strain (Z) direction. The load flow at the end of transmitter T8 acts an
input to TC set (T1-C3C4). This enables an axial load flow in transmitter T1 along X-direction,
transverse to the applied strain (Z) direction. This explains the negative Poisson’s ratio behavior
along ZX-direction.
Analysis of positive Poisson’s ratio microstructure with high shear and bulk modulus
We consider the qualitative analysis of positive Poisson’s ratio microstructure with high shear
and bulk modulus shown in Fig. 5.3. Load flow visualization was performed to understand the
reason for high moduli of this microstructure. Two loading cases that correspond to shear modulus
and bulk modulus are considered, shown in Figs. 5.3(a,b). The bi-axial strain loading conditions
approximate the overall bulk modulus. The bi-axial strain loading case along XZ direction with
eighth of the positive Poisson’s ratio microstructure is shown in Fig. 5.3(c). Similar to previous
analysis in Fig. 5.2, we independently analyze the load flow behavior for strain along X and Z
directions shown in Fig. 5.3(d) and Fig. 5.3(e) respectively. We observe that the load flow in
transmitter T6 due to strain applied along Z direction is opposing in direction to the load flow due
to strain applied along X direction. Similarly, we can show the conflicting load flow behavior in
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Figure 5.2: Qualitative analysis of auxetic microstructure (a) prescribed bi-axial strain case in X
and Z directions (red-strain in Z, black-strain in X), (b) bi-axial strain case with roller constraints
and eighth of auxetic microstructure, (c) strain in just X direction, (d) load flow in the microstruc-
ture due to strain LX1 depicting the negative Poisson’s ratio behavior in XY -direction, (e) load
flow in the microstructure due to strain at LX2 depicting the negative Poisson’s ratio behavior in
XZ-direction, (f) strain in just Z direction, (g) load flow in the microstructure due to strain LZ1
depicting the negative Poisson’s ratio behavior in Y Z-direction, (h) load flow in the microstructure
due to strain at LZ2 depicting the negative Poisson’s ratio behavior in XZ-direction.
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Figure 5.3: Qualitative analysis of positive Poisson’s ratio microstructure with high shear and bulk
modulus (a)prescribed bi-axial strain case in X and Z directions (red-strain in Z, black-strain in
X, (b) prescribed shear strain case in X and Z directions (red-strain in Z, black-strain in X),
(c) bi-axial strain applied on the microstructure, (d) load flow in the microstructure due to strain
along X direction, (e) load flow in the microstructure due to strain along Z direction, (f) shear
strain applied on the microstructure, (g) load flow in the microstructure due to shear strain along
X direction, (h) load flow in the microstructure due to shear strain along Z direction.
bi-axial strain cases in other two planes. We believe that this conflicting nature of the load flow
behavior in all the three bi-axial strain cases prevents excessive deformation thereby resulting in
a high overall bulk modulus. The shear modulus loading case along XZ direction with eighth of
the positive Poisson’s ratio microstructure shown in Fig. 5.3(f). Similar to bi-axial strain case,
we analyze shear modulus case with X directional shear and Z directional shear independently,
shown in Fig. 5.3(g) and Fig. 5.3(h) respectively. From load flow visualizations, we infer that
the load flow in transmitter T1 is conflicting for X and Z shear strains. This conflicting load flow
prevents the material from deforming excessively, and is the reason for high shear modulus. For
demonstration, we show high shear modulus along XZ direction, but the analysis can be extended
correspondingly to XY and Y Z directions.
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In previous work, authors ( [5]) have derived correlations between the load flow in microstructure
to the global material properties for planar mechanical metamaterials. From the qualitative analysis
of auxetic and positive Poisson’s ratio microstructures presented in this work, we observe that
the correlations hold also for three-dimensional metamaterials. The correlations are presented as
follows:
1. A material with high elastic modulus demonstrate conflict of load flow orientations in their
transmitters i.e, strain applied in one direction (along X) opposes the load flow induced by
the strain applied in other direction (along Z) as in Fig. 5.3.
2. A material with negative Poisson’s ratio demonstrates complementing load flow behavior
in their transmitters i.e, strain applied in one direction induces a load flow orientations
complementing the strain applied in other direction as in Fig. 5.2.
3. A negative Poisson’s ratio material will have complementing nature of load flow in bi-axial
strain cases of all planes. Because of the complementing nature of load flow orientations, a
negative Poisson’s ratio always leads to a qualitatively low overall bulk modulus.
5.2 Load flow based design of 3D microstructures
We invert the insights obtained from qualitative load flow analysis in Section 5.1 to design three-
dimensional material microstructures. The load flow based design has been elaborated in detail for
planar compliant mechanisms in [58] and has been successfully extended for the design of planar
mechanical metamaterials and 3D compliant mechanisms by authors in [5, 57, 78]. The guidelines
are presented in several steps alike to [5], while also exposing the similarities and differences between
planar design guidelines and 3D design guidelines. The conceptual design obtained is qualitative
in nature and has to be post-processed to meet any quantitative requirements such as stiffness or
stress.
5.2.1 Conceptual design guidelines for synthesis of 3D auxetic microstructures
We elaborate on the design guidelines in steps by collocating the synthesis of planar and 3D mi-
crostructures. We illustrate the guidelines for the synthesis of a 3D microstructure with negative
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Poisson’s ratio along XZ-direction i.e., νxz ≤ 0. Since this is a conceptual synthesis, we express
the design requirement as a qualitative design statement. For the design of negative Poisson’s ratio
microstructure along XZ-direction, the qualitative design statement will be presented as :
Design a spatial orthotropic microstructure such that any input applied strain along (positive) X
direction is transferred along the (positive) Z direction, and vice-versa
Establish the design domain and choose hemispherical bands at the input and output
The first step is to establish the design domain for the qualitative problem statement shown in
Fig. 5.4(a) and Fig. 5.4(c), for planar and spatial domains respectively. The colored planes in 3D
domain represent the planes with symmetry boundary conditions - red, green and blue represent
the symmetry boundary conditions in Y Z, XZ and XY planes respectively. The input has been
chosen arbitrarily along X direction i.e., from the right(R) plane for the planar case and left (L)
plane for the 3D case. The output has also been chosen arbitrarily along Z direction i.e., from the
top (T ) plane for both planar and 3D cases. The input and output are chosen in such a way that
the applied strain along the positive X direction leads to strain in positive Z direction. We then
place semicircular bands (hemispherical bands for 3D) at the input and output ports respectively.
The band represents all the possible degrees of freedom (dof) of a point upon applied strain. For
example in planar case, a semicircular band SB1 at the input is the region of all the possible dof
of the input point upon the applied input strain. This is derived from the positive definiteness of
the stiffness matrix. The semicircular bands extend to hemispherical bands in case of 3D designs.
The semicircular bands (SB1, SB2) and hemispherical bands (HB1,HB2) at the input and output
are depicted in Figs. 5.4(b,d).
Determine the feasible load path between the input and output
Once the design domain has been established, we need to determine the feasible load path, which
is a collection of transmitters with axial load flow between the input and output. A feasible load
path enables the load flow in the transmitters to meet the problem definition. The simplest load
path would be a direct transmitter joining input and output points. However, such a load path will
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not be feasible according to the problem definition. In such a case, the load flow in the transmitter
due to the input strain does not correspond to any possible dofs at the output. This is represented
by output semicircular (SB2 for the planar case) or hemispherical (HB2 for the 3D case) bands
shown in Figs. 5.4(b,d). Since a direct transmitter path is infeasible, we choose a bifurcated load
path with two transmitters (T1, T2) shown in Fig. 5.4(e) and Fig. 5.4(f) for planar case and 3D
case, respectively.
Determine the truncated bands at the intermediate points
In the next step, we need to determine the placement of constraints at the load path junction.
The constraint members enforce the desired load flow directions in the transmitters. There are
only limited number of constraint orientations possible, and the constraint placement is done by
determining the truncated band at the junction point. The truncated band SB3 is computed by
taking the intersection of modified semicircular bands SB1a, SB2a for the planar case shown in Fig.
5.4(e). Similarly, in the 3D case, the truncated band HB3 is computed by taking the intersection
of modified hemispherical bands HB1a, HB2a shown in Fig. 5.4(f). The truncated band represents
all the possible degrees of freedom (dof) of the junction point. Hence, we choose a particular
deformation direction in the truncated band and place constraints in a plane perpendicular to the
chosen deformation direction. In planar case, a single beam or flexure is sufficient to restrict the
deformation along the chosen direction, while we require a planar constraint (two beams along a
plane) to restrict the deformation in 3D case [57].
Determine the feasible constraints that correspond to the microstructural design
domain
We need to determine the feasible constraints that enforce the required load flow in the transmitters.
Every constraint such as a beam has one of its ends fixed or grounded. In this case, the feasible
constraints must obey the boundary conditions of the microstructural design domain. The load
path chosen in Fig. 5.4(e1) has a truncated band with constraints that cannot be placed satisfying
the symmetry boundary conditions of the bottom plane (B). Hence, such a constraint is infeasible.
Furthermore, the span of the truncated band represents the effectiveness of the constraint placement
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and consequently the effectiveness or robustness of the desired load flow in the transmitters. The
load path shown in Fig. 5.4(e1) has a truncated band with narrow span. To overcome these
challenges, a possible solution is to change the output location. Consequently, the truncated band
is recomputed and shown in Fig. 5.4(e2) for planar case. Now, a deformation direction has been
chosen, and constraint C2 is placed for the planar case shown in Fig. 5.4(g). Similarly, a planar
constraint (C2, C3) is chosen and placed for the 3D case shown in Fig. 5.4(i).
Determine constraints at the input and output
In the next step, we need to place the constraints at the input and output. These constraints limit
the deformations of the input and output along the chosen directions. In planar case, since the
input is on the bottom plane (B), which is constrained to move only along X direction, the input
does not require any additional constraint. For output point, the constraint C1 is placed to limit
the output strain along Y direction shown in Fig. 5.4(g). Similarly, we place constraints at the
input and output in the 3D case shown in Fig. 5.4(i).
Assemble the complete microstructure
The final step in the design process is to assemble the complete microstructure. The advantage
of the current design process, that uses orthotropic strain energy-based homogenization, is that it
allows for the design of only a quarter of a microstructure for the planar case and only an eighth
of a microstructure for the 3D case. The complete microstructures are obtained by mirroring
the quarter and eighth designs as shown in Figs. 5.4(h,j). To validate the designs, simulations
have been performed in ABAQUS software and shown in Figs. 5.4(h,j) for planar and 3D case
(deformations are shown in red). A prototype of the complete microstructure has been 3D printed
with a flexible polymer (Thermoplastic polyurethane) shown in Fig. 5.4(k).
5.2.2 An Immersive Virtual reality design tool
From the Illustrative example juxtaposing the planar and 3D designs, it is clear that the design
process in the planar case is simple, intuitive and can be performed by using pen and paper to
achieve conceptual designs. On the contrary, the design process in 3D case (even though similar to
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Figure 5.4: Design steps for synthesis of planar [ [5]] and 3D auxetic microstructure : design domain
corresponding to the problem definition in (a) planar case and (c) 3D case , feasibility check for
direct transmitter between the input and output for (b) planar case and (d) 3D case, bifurcated
feasible load path for (e) planar case and (f) 3D case, feasible constraint placement for (g) planar
case and (i) 3D case, assembling the complete microstructure (h) from quarter (one-fourth) design
for planar case and (j) from eighth (one-eighth) design for 3D case (k) 3D printed microstructure
using TPU
the planar case) is challenging because of the visualization of hemispherical and truncated bands.
Consequently, this causes difficulty in placement of constraints. To overcome the challenges in
visualization and to provide the designer with an immersive experience, we developed a Virtual
reality (VR) tool for the design of 3D material microstructures shown in Fig. 5.5. The VR tool
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Figure 5.5: 3D microstructural design using Immersive VR tool (a) design domain showing input
and output, their respective constraints along with respective hemispherical bands, (b) feasible
bifurcated load path and truncated hemispherical band at the intermediate point, (c) choosing
a deformation direction for constraint placement at the intermediate point, (d) the constraint
plane corresponding to the deformation direction to place constraints , (e) completed eighth of a
microstructural design, (f) a quick linear finite-element analysis of the obtained design (deformation
is shown in red)
overcomes the difficulty in visualization and brings back the inherent intuitiveness of the load
flow-based design methodology. Fig. 5.5(a) depicts the design domain pertaining to the problem
in Fig. 5.4(d), hemispherical bands at the input and output, and constraints at the input and
output. Fig. 5.5(b) depicts the bifurcated load path and the truncated band at the junction point.
A deformation direction is chosen in Fig. 5.5(c) depicted by the gray dotted line. Fig. 5.5(d)
displays the constraint plane to place the constraints. The VR tool allows only feasible constraints
corresponding to the symmetry boundary conditions of the design domain. The completed eighth
of a microstructure shown in Fig. 5.5(e). The advantage of the VR tool is that it can perform
analysis to validate the qualitative design requirements as depicted in Fig. 5.5(f).
The conceptual design guidelines presented have many parameters that can be tuned according
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to the requirements of the designer such as
• The location of the input and output points
• Number of transmitters along the load path between input and output
• The deformation direction and consequently the placement of constraints
5.3 Design Examples: Tunable 3D mechanical metamaterials
with negative Poisson’s ratio
Before presenting the design synthesis, we explore a qualitative classification of elastic microstruc-
tures, with emphasis on auxetic or negative Poisson’s ratio behavior. Based on this qualitative
classification, we propose a nomenclature scheme for the metamaterials. A three-dimensional or-
thotropic microstructure has nine bulk mechanical properties, i.e., three Poisson’s ratios (νxy,νxz,νyz),
three bi-axial elastic moduli and three shear moduli. The first or outer most classification level is
whether the Poisson’s ratio is positive or negative. The positive Poisson’s ratio is denoted by P
and negative Poisson’s ratio by N . The next classification level is the number of directions with
either negative or positive Poisson’s ratio, which could be denoted N1, N12 and N123 respectively.
Here, N1 denotes negative Poisson’s ratio in XY - direction, N12 denotes negative Poisson’s ratio
in both XY and XZ - directions and N123 denotes negative Poisson’s ratio in all the three direc-
tions respectively. The next level of classification is associated with the qualitative bi-axial elastic
modulus B, which could be low or high in all three directions. However, we have seen that if a
direction exhibits negative Poisson’s ratio, then the bi-axial elastic modulus is qualitatively always
low. This limits the number of possibilities that the qualitative bi-axial modulus as shown in Fig.
5.6 to six possibilities. A material with negative Poisson’s ratio in all directions has qualitatively
low bi-axial modulus in all three directions. The final level of classification involves the qualitative
Shear modulus G, which could be high or low in all directions with the possibilities indicated in
Fig. 5.6. Thus a nomenclature N1B(L1L2L3)G(L1L2L3) denotes a material with negative Pois-
son’s ratio along one direction, low bi-axial and shear moduli in all directions and a nomenclature
N1B(L1L2/3H3/2)G(H1L2/3H3/2) denotes a material with negative Poisson’s ratio along one direc-
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Figure 5.6: Qualitative classification of elastic microstructures and the nomenclature used for the
definition.
tion, low bi-axial modulus along two directions and high bi-axial modulus along the third direction,
high shear along two directions and low shear along the third direction.
To showcase the potential of the framework, we illustrate design procedure to achieve tunable
microstructures with few design cases listed
1. N1B(L1H2H3)G(L1H2H3) Uni-directional auxetic microstructure (single negative Poisson’s
ratio) i.e, νxy < 0, νxz, νyz > 0
2. N1B(L1H2H3)G(H1H2H3) Uni-directional auxetic microstructure with high shear modulus
along XY -direction
3. N12B(L1L2H3)G(L1L2L3) Bi-directional auxetic microstructure (dual negative Poisson’s ra-
tio) i.e, νxy, νxz < 0 and νyz = 0
4. N123B(L1L2L3)G(L1L2L3) Tri-directional auxetic microstructure (all three negative Pois-
son’s ratio) i.e, νxy, νxz, νyz < 0
The first example is to design a Uni-directional auxetic microstructure having negative Poisson’s
ratio along single direction (νxy < 0, νxz, νyz > 0). The design procedure is shown in Fig. 5.7 and
follow the same guidelines presented in Section. 5.2. The design requirement can be qualitatively
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expressed as “Design a 3D microstructure such that input strain along positive X-direction leads to
strain along positive Y -direction alone” and the design domain is shown in Fig. 5.7(a) with input
I along positive X-direction, output O1 along positive Y -direction and output O2 along negative
Z-direction. We need three load paths to meet the design requirements. For νxy < 0, we design
a load path connecting input I and output O1 that lead to negative Poisson’s ratio behavior. For
νxz, νyz > 0, we design load paths connecting input I directly to output O2 and , outputs O1
and O2 respectively to yield positive Poisson’s ratio behavior. The directions of input and outputs
in Fig. 5.7(a) reflect these requirements for load paths, which are now shown in Fig. 5.7c. The
Immersive VR tool was used to obtain this design. Next, we need to constrain the input and
output ports along with the junction J according to the guideline 4.1.4 and 4.1.5 respectively. The
resulting constraint beams are shown as C1 − C2 for J , C3 for I, C4 for O1 and C5 − C6 for O2.
The complete 3D microstructure is shown in Fig. 5.7(d). To validate the design, we perform a
finite element analysis on the 3D microstructure in ABAQUS (Ver.6-14) using 2-node linear beam
elements in space (B31). In the finite element analysis, strain is applied first along X-direction to
observe the negative Poisson’s ratio behavior along the XY -direction. From the XY view of the
3D microstructure, we observe the auxetic behavior in Fig. 5.7(e). Similarly, the positive Poisson’s
ratio behavior in Fig. 5.7(f). Next, the strain is applied along the Y -direction and the positive
Poisson’s ratio behavior along Y Z-direction is visible in Fig. 5.7(g).
We perform a qualitative analysis on this microstructure using load flow visualization. Pre-
scribed shear strain loading case along XY direction, shown in Fig. 5.8(a), is considered to un-
derstand the behavior of the microstructure under shear. To simplify the analysis, we consider the
shear along X direction and along Y direction independently shown in Figs. 5.8(c,d) respectively.
We observe no conflict in the load flows along the transmitters T1-T2. Hence, the design does not
have high shear modulus. To modify the design to have high shear modulus in XY direction, the
junction J is now moved to the boundary edge between the XZ and Y Z planes away from the
origin. This modification leads to a conflict in the load flow directions of the members shown in
Figs. 5.8(f,g). From design correlations in Section 5.1, a material with high shear modulus demon-
strate conflicting load flow along its transmitters. Complete 3D microstructure with uni-directional
auxetic microstructure with high shear modulus along XY -direction is shown in Fig. 5.8(h).
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Figure 5.7: Conceptual design of Uni-directional auxetic microstructure (νxy < 0 ) (a) Design
domain with input and outputs reflecting the design requirements, (b) design obtained from the
VR tool, (c) load flow behavior of the obtained microstructure, (d) complete 3D microstructure
(eighth of the microstructure is depicted in red), (e) XY-view of the 3D microstructure depicting the
negative Poisson’s ratio behavior, (f) XZ-view and, (g) YZ-view of the 3D microstructure depicting
the positive Poisson’s ratio behavior, analysis is performed in ABAQUS ver.6.14-2
Next, we demonstrate the design of bi-directional auxetic microstructure having negative Pois-
son’s ratio along XY and XZ directions (νxy < 0, νxz < 0). The design domain with input and
outputs reflecting the design requirements is shown in Fig. 5.9(a). The design procedure follows
the same guidelines in Section 5.2. For νxy < 0, we need a load path connecting input I and output
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Figure 5.8: Conceptual design of Uni-directional auxetic microstructure with high shear modulus
along XY -direction (a) prescribed shear strain case in X and Y directions (red-strain along Y ,
black-strain along X), (b) design of 3D microstructure obtained in Fig. 5.7, (c,d) XY -view of
complementing load flow behavior with shear strain applied along X and Y directions, (e) modified
design of 3D microstructure with uni-directional negative Poisson’s ratio and high shear modulus,
(f,g) XY -view of conflicting load flow behavior with shear strain applied along X and Y directions
, (h) complete 3D Uni-directional auxetic microstructure with high shear along XY -direction
O1 that leads to negative Poisson’s ratio. Similarly, for νxz < 0, we need a load path connecting
input I and output O2 that leads to negative Poisson’s ratio. It is challenging to obtain positive
Poisson’s ratio along Y Z direction without compromising the behavior of load path along XY and
XZ directions. For example, if we want to achieve positive Poisson’s ratio Y Z direction, we need
the output O2 along negative Z direction. However, this will compromise the load path connecting
input I and output O2. So, we consider a new output O3 and the load path between O1 and O3
correspond to zero Poisson’s ratio along Y Z direction. The eighth of the design is shown in Fig.
5.9(b) and the complete 3D microstructure is shown in Fig. 5.9(c). The final example illustrates
the design of tri-directional auxetic microstructure having all negative Poisson’s ratio in all the
three directions (νxy, νxz, νyz < 0). The design domain with input and outputs are shown in
Fig. 5.10(a). The procedure is similar to other examples and the eighth design is obtained using
immersive VR tool and shown in Fig. 5.10(b). The complete 3D microstructure with all three
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Figure 5.9: Conceptual design of Bi-directional auxetic microstructure (νxy, νxz < 0 ) (a) Design
domain with input and outputs reflecting the design requirements, (b) obtained eighth designs of
bi-directional auxetic microstructure, (c) complete 3D designs of bi-directional auxetic microstruc-
tures, (d,e,f) XY-view, XZ-view and YZ-view of the 3D bi-directional microstructure, analysis is
performed in ABAQUS ver.6.14-2
negative Poisson’s ratios is depicted in Fig. 5.10(c).
5.3.1 Simulation Results
The designs obtained are conceptual and qualitative in nature. Next, we present numerical sim-
ulations to validate the designs. The simulations are performed using commercial finite element
software ABAQUS. The size of the microstructures for simulation are 1 mm × 1 mm × 1 mm and
each beam element is circular in shape with a size of 0.01 mm. The Young’s modulus and Poisson’s
ratio of the base material are 2000 MPa and 0.33 respectively. The FEA analysis in ABAQUS is
conducted using 2-node linear beam elements in space with hybrid formulation (B31H). Fig. 5.11(a)
depicts the variation of Poisson’s ratios with strain for uni-directional auxetic microstructure in
Fig. 5.7. We can observe that νxy is negative and other two Poisson’s ratios νxz, νyz are positive
justifying the design requirements. Fig. 5.11(b) depicts the variation of Poisson’s ratios with strain
for bi-directional auxetic microstructure of Fig. 5.10(c) validating the design requirements. Sim-
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Figure 5.10: Conceptual design of Tri-directional auxetic microstructure (νxy, νxz, νyz < 0 ) (a)
Design domain with input and outputs reflecting the design requirements, (b) obtained eighth
designs of tri-directional auxetic microstructure, (c) complete 3D designs of tri-directional auxetic
microstructures, (d,e,f) XY-view, XZ-view and YZ-view of the 3D tri-directional microstructure,
analysis is performed in ABAQUS ver.6.14-2
ilarly, Fig. 5.11(c) validates the tri-directional auxetic microstructure of Fig. 5.10(f). Finally, to
validate the high shear modulus uni-directional auxetic microstructure of Fig. 5.8(h), we plot the
strain energy variation with shear strain between uni-directional auxetic microstructure with high
shear (Fig. 5.8(h)) and without high shear (Fig. 5.7(d)).
5.4 Design Refinement
In Section 4, we presented detailed guidelines for the conceptual design phase of material mi-
crostructures. In this section, we present design refinement phase, where the conceptual designs
are shape optimized to meet given design requirements. Here, we present two design examples to
illustrate the design refinement phase.
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Figure 5.11: Numerical simulations of auxetic microstructures. Variation of Poisson’s ratios with
strain for (a) Uni-directional auxetic microstructure (Fig. 5.7) (b) Bi-directional auxetic microstruc-
ture (Fig. 5.10(c)) (c) Tri-directional auxetic microstructure (Fig. 5.10(f)). (d) Variation of strain
energy with shear strain for uni-directional auxetic microstructure with high shear modulus (Fig.
5.8(h)
5.4.1 Design refinement to achieve negative Poisson’s ratio of −1
We consider the uni-directional auxetic microstructure presented in Fig. 5.7. The objective of the
design refinement is to attain uni-directional auxetic microstructure with negative Poisson’s ratio
of −1. The Poisson’s ratios of the initial design are -0.38, 0.59 and 1.16 along XY , XZ and Y Z





: (νxy − νxy∗)2 (5.1)
s.t : Lbi ≤ Xi ≤ Ubi (5.2)
Here, νxy is the Poisson’s ratio of the microstructure along the XY direction from numerical
homogenization, νxy
∗ is the desired Poisson’s ratio of −1 along the XY direction. The design vari-
ables are Xi’s, which are the coordinates of the points as shown in Fig. 5.12(a). In this refinement
formulation, the thickness of the constituent beam members are unchanged. The optimization is
performed in MATLAB using “fminunc” function. The optimized design is shown in Fig. 5.12(b)
with Poisson’s ratios of -1.0, 1.38 and 0.81 along XY , XZ and Y Z directions respectively.
5.4.2 Design refinement to achieve three-dimensional isotropic auxetic
microstructure
Anisotropic auxetic microstructural designs can achieve high values of negative Poisson’s ratios but
the directional dependence becomes an impediment for practical applications that require isotropy
as mentioned by [65]. Topology optimization with isotropic constraints is a difficult problem to
tackle and doesn’t always lead to manufacturable designs as reported by [4]. The proposed con-
ceptual design framework provides designs that are orthotropic in nature. In this section, we
demonstrate that orthotropic designs can be shape optimized to attain isotropic microstructures.
The design refinement will be posed as an optimization problem with isotropic constraints as in
Eqs. (5.3-5.10). We consider the tri-directional auxetic microstructure design of Fig. 5.10(c).
72
Figure 5.12: Design refinement of uni-directional auxetic microstructure of Fig. 5.7 (a) microstruc-
ture of the uni-directional auxetic microstructure before optimization (b) microstructure of the




: (νxy − ν∗)2 + (νxz − ν∗)2 + (νyz − ν∗)2 (5.3)
s.t : (C1111 − C2222)2 ≤ ε (5.4)
(C1111 − C3333)2 ≤ ε (5.5)
(C1122 − C1133)2 ≤ ε (5.6)



















Lbi ≤ Xi ≤ Ubi (5.11)
Here, νxy, νxz and νyz are the Poisson’s ratios of the microstructure obtained from numerical
homogenization along XY, XZ and YZ directions respectively. ν∗ is the desired isotropic Poisson’s
ratio of −1.0, and ε is a small numerical quantity. The design variables are Xi’s, which are the
coordinates of the points that define the microstructure geometry. Eqs. (5.4- 5.10) are isotropic
constraints. For isotropy, C1111 should be close to C2222 and C3333, and C1122 should be close to
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C1133 and C2233. Also, the shear term C1212 should be close to half the difference between C1111
and C1122, the shear term C1313 should be very close to half the difference between C1111 and C1133,
and the shear term C2323 should be close to half the difference between C2222 and C2233. These
constraints limit the number of independent elastic constants to two.
The initial design of Fig. 5.13(a) has three Poisson’s ratios with values -0.25, -0.28 and -1.1
along XY , XZ and Y Z directions respectively and homogenized elasticity matrix computed from
SEBH shown in Eq. 5.12. The optimization is performed in Python IDE with ABAQUS scripting
for numerical homogenization, computation of effective elasticity matrix and the Poisson’s ratios.
Because of the complexity of the optimization problem, we have chosen an evolutionary algorithm
known as CMA-ES (Co-variance Matrix Adaptation Evolution Strategy detailed in [80]). The
optimized design was able to satisfy the objective function but was not able to satisfy the all of
the isotropic constraints. This is evident from the optimized elasticity matrix of Eq. 5.13 with
Poisson’s ratios of -1.0, -0.99 and -1.0 along XY , XZ and Y Z directions respectively. Eighth and
complete 3D design of the optimized microstructure are shown in Figs. 5.13(b,c) respectively. To
check if the design is not able to achieve isotropy due to difficulty in meeting the negative Poisson’s
ratio value of −1, we have run the optimization with different target Poisson’s ratio of −0.5. The
optimized elasticity matrix for this Poisson’s ratio is given in Eq. 5.14. Again, the optimized design
was able to satisfy the objective function but was not able to satisfy all the isotropic constraints.
CHunopt =

1.00 −0.25 −0.28 0 0 0
−0.25 0.16 −0.17 0 0 0
−0.28 −0.17 0.89 0 0 0
0 0 0 0.0015 0 0
0 0 0 0 0.0011 0






1.00 −1.00 −0.99 0 0 0
−1.00 2.87 −2.88 0 0 0
−0.99 −2.88 13.01 0 0 0
0 0 0 0.011 0 0
0 0 0 0 0.020 0





1.00 −0.49 −0.49 0 0 0
−0.49 1.00 −0.50 0 0 0
−0.49 −0.50 1.01 0 0 0
0 0 0 0.0018 0 0
0 0 0 0 0.0024 0
0 0 0 0 0 0.0011

(5.14)
From the isotropic constriants of Eqs. 5.8-5.10, we observe that the shear components should
be of same relative order as the elastic components i.e, C1212 should be of same order as C1111
and C1122. Also, observing the optimization results for various target Poisson’s ratios, we postu-
late that microstructures with high shear modulus may lead to isotropy but the converse of the
statement might not be true. We designed a conceptual tri-directional auxetic microstructure with
qualitatively high shear modulus shown in Fig. 5.13(d), following the design guidelines of Section.
5.2. The initial design has Poisson’s ratios with values -0.15, -0.12 and -0.21 along XY , XZ and
Y Z directions respectively and homogenized elasticity matrix computed from SEBH shown in Eq.
5.15. The initial design is shape optimized with desired isotropic Poisson’s ratio of −0.5. The
optimization has been performed in Python IDE with ABAQUS Scripting and CMA-ES as the
optimizer, analogous to the previous example. The optimized design was able to satisfy the ob-
jective function and all of the isotropic constraints. This is evident from the optimized elasticity
matrix of Eq. 5.16 with Poisson’s ratios of -0.49, -0.47 and -0.47 along XY , XZ and Y Z directions
respectively. Eighth and complete 3D design of the optimized microstructure are shown in Figs.
5.13(e,f) respectively.
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Figure 5.13: Design refinement of tri-directional auxetic microstructure. (a) microstructure of
the tri-directional auxetic microstructure of Fig. 5.10(e) before optimization (b) design obtained




1.00 −0.15 −0.12 0 0 0
−0.15 0.62 −0.12 0 0 0
−0.12 −0.12 0.07 0 0 0
0 0 0 0.076 0 0
0 0 0 0 0.077 0





1.00 −0.49 −0.47 0 0 0
−0.49 1.01 −0.47 0 0 0
−0.47 −0.47 1.01 0 0 0
0 0 0 0.75 0 0
0 0 0 0 0.75 0





Based on the understanding of the load flow behavior in existing microstructures and applying the
steps for synthesis of new topologies, several guidelines can be distilled for the de-novo synthesis
of microstructures for a given qualitative requirement:
• (a) A negative Poisson’s ratio microstructure must have more than one load paths between
the different planes with complementing load flow directions in each load path as inferred
from Fig. 5.7 along XY plane.
• (b) Microstructures with high elastic moduli may require a direct load path between the input
and output planes, which further lead to conflicting load flow behavior. An example of this
was seen in Fig. 5.7 along XZ and Y Z planes
• (c) For a negative Poisson’s ratio microstructure to have an additional requirement of high
shear modulus, one effective guideline is to place the junction of the load paths along the
edge of the boundary surfaces. An example of this guideline along the XY plane is shown in
Fig. 5.8(e). This stiffens the microstructure against shear by connecting the junction with
its neighbours.
• (d) For a tri-directional negative Poisson’s ratio microstructure to be isotropic, it may require
to have a qualitatively high shear modulus as well. This was seen in the example of Fig.
5.13(f).
5.5 Conclusion
This chapter presents a conceptual framework to design three-dimensional mechanical metamateri-
als using load flow visualization. Load flow visualization is a mechanics-based approach to visualize
the flow of forces through the microstructural unit cell geometry. Qualitative analysis is performed
using load flow visualization to understand the behavior of microstructures. This understanding is
inverted to propose guidelines for the design of microstructural unit cells.
The main contributions of this work are three-fold. One was to achieve conceptual topological
microstructures for 3D elastic mechanical metamaterials, where the conceptual topologies are ob-
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tained using load flow-based design guidelines with the help of an immersive virtual reality tool.
We elucidate the conceptual synthesis with design examples that can achieve uni-directional, bi-
directional and tri-directional Poisson’s ratios. The second contribution was to refine the conceptual
designs using computationally inexpensive shape/size optimization to meet given quantitative re-
quirements such as stress, stiffness or effective elasticity properties. The other contribution was to
achieve qualitative classification scheme for three-dimensional negative Poisson’s ratio materials.
In particular, we have shown auxetics with Poisson’s ratios in different directions, and auxetics
with high shear in a particular direction.
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Chapter 6
Design of Deformable Mechanical
Metamaterials
This chapter presents a two-step systematic design framework for the synthesis of deformable me-
chanical metamaterials. The load flow visualization method enables a qualitative classification of
the entire orthotropic design space. With a database of feasible solutions in each qualitative class,
the chapter aims to determine the best topological combination of these microstructure building
blocks to achieve a global kinematic or stiffness requirement. The proposed framework involves
two sequential steps: (a) topology optimization on the design domain with a parameterized elastic-
ity matrix to determine which qualitiative class each microstructure belongs and (b) a shape-size
refinement where the preselected microstructure geometry is fine-tuned to exactly meet the require-
ments. The design methodology is validated with various examples of planar deformable mechanical
meta-materials.
6.1 Qualitative classification of planar metamaterials
6.1.1 Load flow visualization
Load flow is vector field of fictitious forces that flow through the mechanism geometry from input
to output. These fictitious forces called “transferred loads” can be quantified using the compliance
matrices that relate forces and displacement between any two points in the topology as detailed in
[57,58]. In a compliant mechanism, load flow enables functional characterization of the mechanism
geometry into transmitters and constraints. A member with a predominantly axial load flow
is called a transmitter, while a member with transverse load flow and moment components can
be called a constraint. This framework can be used to analyze a mechanism by decomposing it
into building blocks of transmitter-constraint sets [58]. In Figure 6.1(a), a single-input single-
output mechanism is presented along with the load flow visualization from the input point to
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Figure 6.1: Examples of Load flow based design [5–7]. planar designs of (a) single-input single-
output compliant mechanism (b) auxetic micro-structure with deformation. Spatial designs of (c)
single-input single-output compliant mechanism (d) auxetic micro-structure with deformation.
the output. This mechanism has two transmitters T1, T2 with predominantly axial load flow and
three constraints C1,C2,C3 with transverse load flow. The decomposition of a mechanism topology
based on load flow into transmitters and constraints provides a qualitative understanding of the
functionality of the mechanism. Hence, load flow visualization enables a qualitative analysis of
mechanism topology. This understanding can be inverted for conceptual design synthesis. This
was demonstrated for the design of planar metamaterials [6], design of compliant mechanism with
embedded actuators in [81], design of spatial - compliant and shape morphing mechanisms in [5,82],
and design of three-dimensional mechanical metamaterials in [7].
6.1.2 Qualitative classification of planar metamaterials using Load flow
visualization (LFV)
Based on the nature of load flow in the microstructure, a qualitative analysis and a classification
scheme for orthotropic auxetic microstructures in presented in reference [6]. These insights are
generalized for both positive and negative Poisson’s ratio microstructures below
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(i) A material with negative Poisson’s ratio demonstrates reversal in load flow direction such
that any applied strain in positive X (or Y ) direction is transferred as a corresponding force
in the positive Y (or X) direction.
(ii) A material with positive Poisson’s ratio does not posses such a reversal in load flow behavior.
(iii) A material with high shear modulus demonstrates conflict of load flow orientation in their
transmitters due to input strain in different faces.
(iv) A material with low shear modulus does not posses significantly conflicting load flow orien-
tation in their transmitters.
These guidelines qualitatively classify the entire orthotropic planar material space into four
classes :
1. Positive Poisson’s ratio with low shear (PLS)
2. Positive Poisson’s ratio with high shear (PHS)
3. Negative Poisson’s ratio with low shear (NLS)
4. Negative Poisson’s ratio with high shear (NHS)
This classification facilitates a qualitative library of all the possible microstructures in the planar
case, which can be seen in Fig. 6.2. Figure 6.2 depicts only a few examples for each of the classes.
More designs can be obtained by following the load flow-based design methodology presented in [6].
This qualitative library offers several alternative solutions to the microstructure selection problem.
6.1.3 Parameterizing the elasticity matrix
Design of deformable metamaterials entails determining material microstructures that make up the
global topology to meet a given kinematic or stiffness requirement. In this paper, we investigate a
sequential approach where we first determine the microstructure’s qualitative class, and then refine
a selected solution from the database to match the exact problem specifications.
We have seen that the two important factors for classification in planar mechanical metama-
terials are Poisson’s ratio (ν) and shear stiffness (G). A general Orthotropic elasticity matrix in
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Figure 6.2: Qualitative classification of the design space into (a) Positive Poisson’s ratio with low
shear (PLS) (b) Positive Poisson’s ratio with high shear (PHS) (c) Negative Poisson’s ratio with
low shear (NLS) (d) Negative Poisson’s ratio with high shear (NHS)
planar metamaterials is shown in Eq. 6.1. There are four independent components in the elasticity
matrix i.e, C11, C12, C22 and C33. Each component represents an elastic stiffness in different load-
ing conditions. C11 is an elastic stiffness in X-direction, C22 is an elastic stiffness in Y -direction,
C12 is a bi-axial stiffness, and C33 is shear stiffness. Poisson’s ratio is the ratio between C12 and
C11. By dividing the elasticity matrix by C11, we obtain Eq. 6.2. Here, C22/C11 is the ratio of
elastic stiffness in Y direction to elastic stiffness in X direction. Since, this is not a parameter that
can be classified qualitatively, we assume that the elastic stiffness in X and Y direction is equal.
But, C22/C11 is taken as a value slightly different from 1.00 for numerical stability and to preserve
the positive definiteness of the elasticity matrix. Now, the elasticity matrix can be qualitatively
























This parameterized elasticity matrix can lead to our four qualitative classes according to the
values of Poisson’s ratio and shear modulus. Classification with respect to Poisson’s ratio is straight-
forward as the value can either be greater or lower than zero. While, classification of shear modulus
is challenging because it can either be high or low. We consider normalized shear stiffness values
that are close to 1 as high and values close to 0 as low. To push the values close to the extremes, we
penalize the shear modulus similar to solid isotropic material with penalization (SIMP) [83] with







6.2 Systematic two-step design framework
In this section, we present a systematic two-step framework for the design of deformable mechanical
metamaterials as depicted in Fig. 6.3. The first step is a material optimization on the design domain
with a parameterized elasticity matrix to determine which qualitative class each microstructure
belongs. In the second step, a microstructure is chosen from the qualitative library and a shape-
size refinement is performed on the preselected microstructure geometry to meet desired kinematic
or stiffness requirements.
6.2.1 Material optimization step
Here, We present the design guidelines with the aid of an example shown in Fig. 6.4(a). The
design problem is to deform a planar sheet so that it can expand in a direction perpendicular to
the loading direction. The desired deformation is shown in red. This is an example of a kinematic
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Figure 6.3: Complete two-step framework for the design of deformable mechanical metamaterials :
Start with a design problem, perform material optimization, choose conceptual solution from the
qualitative library, perform shape-size refinement to obtain the final solution.
requirement, where the planar sheet has to meet a desired shape.
• Step I : Setup a design domain and discretize the domain into elements.
In the first step, setup a design domain with applied loads, desired deformations and boundary
conditions. Then, discretize the design domain into various quadrilateral elements as in Fig. 6.4(b).
Here, each element has a different parameterized elasticity matrix. The discretization in this
example is arbitrary, but including more number of elements can give more accurate deformations
at the expense of increasing computational cost. For this example, we have chosen a discretization
of 8 × 4 elements in X and Y directions.
• Step II : Perform a material optimization to find the qualitative classes of each of the elements.
min
Xi
: (U − U∗)2 (6.4)
s.t : Lbi ≤ Xi ≤ Ubi (6.5)
Now, a material optimization can be performed to obtain the conceptual qualitative classes of each
of the design elements. The objective of the optimization in this example is to match the desired
displacements. The objective function is posed as a least squares minimization as depicted in Eq.
6.4. Here, U is the displacement of the design domain and U∗ is the desired displacement of the
design domain. The design variables are Xi’s, which are the Poisson’s ratio and shear modulus of
each of the elements.
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Figure 6.4: Deformable mechanical metamaterials that can expand perpendicular to the loading
direction. (a) design domain with desired shape change (shown in red), (b) discretized design
domain for material optimization, (c) conceptual solutions from the material optimization, (d)
design solution from the qualitative library, (e) final designs of each of the cells obtained from
shape-size refinement, (f) initial configuration of the design domain in ABAQUS, (g) deformed
configuration in ABAQUS.
The process flow for material optimization is shown in Fig. 6.5(a). We initialize the design
with elemental elasticity matrices with Poisson’s ratio of 0.5 and shear modulus of 0.5. Then,
we iteratively run the finite element analysis to update the Poisson’s ratio and shear modulus
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Figure 6.5: Process flow for (a) material optimization and (b) shape-size refinement.
values of each of the elements until convergence. Once the convergence is achieved, we classify the
elemental elasticity matrices into one of the four qualitative classes presented in Section 6.1. For
the classification of each elemental elasticity matrix, we use a threshold of 0 for Poisson’s ratio and
0.5 for shear modulus. So, if ν > 0 corresponds to positive Poisson’s ratio and ν < 0 corresponds
to negative Poisson’s ratio. In case of shear modulus, if G > 0.5, we consider the elasticity matrix
corresponds to high shear and G < 0.5 corresponds to low shear. It is important to note that the
solution obtained here is conceptual in nature and not unique. The optimization is performed in
MATLAB using “fminunc” function. For this problem, the conceptual solution is shown in Fig.
6.4(c). All the elements for this design problem are negative Poisson’s ratio with low shear (NLS).
This conceptual solution provides necessary insights for the designer.
6.2.2 Shape-size refinement step
Once the conceptual solutions are obtained, then we perform a shape-size refinement of the chosen
microstructure from qualitative library to meet the desired kinematic or stiffness requirements.
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Figure 6.6: Shape-size refinement of the conceptual geometry.
• Step III : Choose the microstructural designs from the qualitative library.
In this step, we chose the microstructural designs pertaining to the conceptual qualitative solutions
of each of the elements. The conceptual solution gives negative Poisson’s ratio with low shear
(NLS) for all the elements. Now, we chose this class from the qualitative library shown in Fig.
6.4(d).
• Step IV : Modify or re-design the material microstructure to ensure connectivity between the
elements.
One of the challenges in choosing microstructures from library and periodically filling the elements
is that of the connectivity between the different elements. To ensure the connectivity between the
elements, we can either modify the existing design or re-design the microstructure using load flow
based design as detailed in [6, 84]. Here, we modify the existing negative Poisson’s ratio with low
shear design as shown in Fig. 6.4(d). We modify the design by adding an extra beam to ensure
the connectivity between the elements.
• Step V : Perform a shape-size refinement of the chosen microstructural designs to meet the
desired deformations.
Next, we perform a shape-size refinement of the chosen microstructure geometry to meet the desired
deformations. The objective of the geometrical optimization is similar to material optimization of
Eq. 6.4. Here, U is the displacement of the design domain and U∗ is the desired displacement of
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the design domain. But, the design variables Xi’s are the coordinates of the points as shown in
Fig. 6.6. The thickness of the beams are unchanged in this formulation.
The overall process flow of the shape-size is shown in Fig. 6.5(b). We initialize the design with
coordinates of the microstructure. Then, we compute the homogenized elasticity matrix in each of
the elements using strain energy-based homogenization (refer to [6, 56] for details). The homoge-
nized elasticity matrices in each of the elements are used to compute the global stiffness matrix in
the finite element analysis. We, iteratively run this process by updating the design variables until
convergence. This procedure, runs a macro optimization to meet the desired deformations, while
running a shape-size optimization of the microstructures. The final geometry of the microstructures
obtained for each of sixteen elements can be seen in Fig. 6.4(e).
• Step VI : Perform a finite element analysis to validate the solution.
In this final step, we perform a nonlinear finite element analysis on the microstructures obtained
after shape-size optimization to validate the design framework. Here, we use commercial software
ABAQUS to run the nonlinear finite element analysis using 2-node linear beam elements with
hybrid formulation (B21H). The Young’s modulus and Poisson’s ratio of the base material are 2000
MPa and 0.33 respectively for all the examples presented in this paper. The initial configuration of
the design domain is shown in Fig. 6.4(f) and the deformed configuration is shown in Fig. 6.4(g).
6.2.3 Choice of parameters for the design framework
In the design process illustrated, we notice that there are various parameters that a designer has
the freedom to choose. Here, we will discuss these parameters. First, the parameters that affect
the material optimization are :
(i) Mesh discretization of the design domain.
(ii) Initial guess of the Poisson’s ratios and shear modulus.
In the above example, we chose a mesh discretization of 8 × 4 elements in X and Y directions.
But, the designer has a freedom to choose the number of elements in X and Y directions. This might
affect the conceptual solution depending upon the design domain, boundary and loading conditions.
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Figure 6.7: Relative stiffness scenarios of the cantilever beam. (a) discretized design domain with
axial and shear loading, (b,c) design solution from the qualitative library, conceptual solutions from
the material optimization and final designs of each of the cells obtained from shape-size optimization
(d) for the design problem of having high stiffness in shear loading relative to axial loading, (e) for
the design problem of having high stiffness in axial loading relative to shear loading, (f) discretized
design domain with twist and shear loading, (g,h,i) design solution from the qualitative library,
conceptual solutions from the material optimization and final designs of each of the cells obtained
from shape-size optimization (j) for the design problem of having high stiffness in twist loading
relative to shear loading, (k) for the design problem of having high stiffness in shear loading relative
to twist loading.
As the number of elements increases, the computational time for the material optimization increases
but might provide a more accurate fit to the desired deformations. In most of the cases, the initial
guess of the Poisson’s ratio and shear modulus doesn’t affect the conceptual solution.
The parameters that affect the shape-size refinement are:
(i) Conceptual solution chosen from the qualitative library.
(ii) Periodic unit cells array size in each of the elements.
In the example presented, we have chosen a negative Poisson’s ratio low shear (NLS) microstruc-
ture in Fig. 6.6. But, if we have chosen any other microstructure from the qualitative library, the
final design solution would be different. Finally, the periodic unit cells array size in each element
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also affects the accuracy of the shape matching. Theoretically, homogenization assumes that there
are infinite periodic array of unit cells to achieve the homogenized properties. But, in reality, we
choose a finite size array and size of the array increases the computational time of the finite element
analysis in ABAQUS. In this paper, we have chosen a the periodic unit cell array size to be 8 × 4
in X and Y directions respectively.
6.3 Design Examples of deformable metamaterials
In this section, we present four design examples with different requirements to illustrate and val-
idate the design framework presented in Section 6.2. The first example is of a cantilever beam
with stiffness requirements. The next two examples are of a planar sheet with desired kinematic
requirements alone, and the final example is of a planar sheet with both kinematic and stiffness
requirements.
6.3.1 Cantilever beam
The first example illustrated here is of a cantilever beam. Here, we present two different design
scenarios of the cantilever beam, as shown in Fig. 6.7(a) and Fig. 6.7(f) respectively. The first
design scenario is shown in Fig. 6.7(a), where there is axial loading in X-direction and shear loading
in Y -direction. In this scenario, one design problem is to find the material microstructures that can
maximize the stiffness of the cantilever beam in Y -direction relative to the stiffness in X-direction,
i.e., have high stiffness in shear loading relative to axial loading. The objective function can be
formulated as a ratio of the strain energies in the corresponding directions, as in Eq. 6.6, where (1)
corresponds to shear loading, and (2) corresponds to axial loading. Following the proposed design
steps in the previous section, we obtain a conceptual solution after the material optimization shown
in Fig. 6.7(d). The microstructural geometry for positive Poisson’s ratio high shear (PHS) chosen
from the qualitative library shown in Fig. 6.7(b). Next, we run a shape or geometry optimization.
The final design geometries of each of the elements are shown in Fig. 6.7(d).
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Figure 6.8: Deformable mechanical metamaterials that can shape change into sinusoidal. (a)
discretized design domain with desired shape change (shown in red) and conceptual solutions from
the material optimization, (b) design solution from the qualitative library, (c) final designs of each
of the cells obtained from shape-size optimization, (d) initial configuration of the design domain in












, s.t : Lbi ≤ Xi ≤ Ubi (6.7)
The second design problem in this scenario is to find the material microstructures that can
maximize the stiffness of the cantilever beam in X-direction relative to the stiffness in Y -direction,
i.e., have high stiffness in axial loading relative to shear loading. The objective function for this
problem is shown in Eq. 6.7. We follow a similar procedure as in the first design problem. The
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Figure 6.9: Deformable mechanical metamaterials that can shape change into sinusoidal on one
edge. (a) discretized design domain with desired shape change (shown in red) and conceptual
solutions from the material optimization, (b) design solution from the qualitative library, (c) final
designs of each of the cells obtained from shape-size optimization, (d) initial configuration of the
design domain in ABAQUS, (e) deformed configuration in ABAQUS.
conceptual solution and the chosen microstructure from the qualitative library are shown in Fig.
6.7(e) and Fig. 6.7(c) respectively. The final design geometries of each of the elements after shape












, s.t : Lbi ≤ Xi ≤ Ubi (6.9)
In the next scenario shown in Fig. 6.7(f), cantilever beam has shear loading in Y -direction
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and twist loading in X-direction. The first design problem in this scenario is to find the material
microstructures that can maximize the stiffness of the cantilever beam in X-direction relative to
the stiffness in Y -direction, i.e., have high stiffness in twist loading relative to shear loading. The
objective function for this problem is shown in Eq. 6.8. Following the similar design steps, we obtain
the conceptual solution in Fig. 6.7(j) and the corresponding microstructures in Figs. 6.7(g,h,j) are
chosen from the qualitative library, and final design geometries of each of the elements after shape
optimization are shown in Fig. 6.7(j). The second problem in this scenario is to find the material
microstructures that can maximize the stiffness of the cantilever beam in Y -direction relative to
the stiffness in X-direction, i.e., have high stiffness in shear loading relative to twist loading. The
objective function for this problem is shown in Eq. 6.9. The conceptual solution and final design
geometries of each of the elements after shape optimization are shown in Fig. 6.7(k).
6.3.2 Sinusoidal shape-matching
The second example illustrated here is a shape matching deformable metamaterial that can de-
form into sinusoidal shape. Following the similar design steps presented in Section 6.2, we obtain
the conceptual solution and the final design geometries after shape optimization. The design do-
main, conceptual solution, and the initial geometry from the qualitative library are shown in Figs.
6.8(a,b). The final design geometries are shown in Fig. 6.8(c). The finite element analysis valida-
tion is performed in ABAQUS. The initial and deformed configurations are shown in Figs. 6.8(d,e)
respectively.
6.3.3 One-sided sinusoidal shape-matching
The third example illustrated here is a one-sided sinusoidal shape matching metamaterial. Here, one
side of the design domain should deform as a sinusoidal, while the other edge has no deformation.
The design domain and conceptual solution are shown in Fig. 6.9(a). The initial geometries chosen
from the qualitative library are shown in Fig. 6.9(b). The final design geometries after the shape
optimization are depicted in Fig. 6.9(c). The finite element analysis validation of the solution is
shown in Figs. 6.9(d,e).
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Figure 6.10: Deformable mechanical metamaterials that can expand perpendicular to the loading
and have high stiffness in Y -direction. (a) discretized design domain with desired shape change
(shown in red) and conceptual solutions from the material optimization, (b) design solution from
the qualitative library, (c) final designs of each of the cells obtained from shape-size optimization,
(d) initial configuration of the design domain in ABAQUS, (e) deformed configuration in ABAQUS.
6.3.4 Shape-matching with stiffness requirement
The final example illustrated here is a deformable metamaterial with both kinematic and stiffness
requirements. The design problem is similar to Fig. 6.5. Here, in addition to the kinematic
requirement of expansion in a direction perpendicular to the loading direction, we also need the
planar sheet to be stiff in Y -direction. The conceptual solution is shown in Fig. 6.10(a). As
expected, the conceptual solution gives microstructures with high shear modulus. We chose the
initial geometry of Fig. 6.9(b) from the qualitative library. The objective function is to match the
desired displacements and have high stiffness in Y -direction. So, the objective function is posed as
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sum of least square minimization and strain energy minimization in Y -direction. The final design
geometries after the optimization are depicted in Fig. 6.10(c). The solution is validated in finite
element analysis as shown in Figs. 6.10(d,e).
6.4 Conclusion and Future Work
This chapter presents a two-step systematic framework to design deformable mechanical metama-
terials using load flow visualization and strain energy-based homogenization. Load flow visualiza-
tion has been used to propose a qualitative classification of the planar [6] and three-dimensional
material [7] design space. Material optimization on the parametrized elasticity matrix leads to
conceptual solutions. The conceptual solutions are taken from the qualitative library, and shape
optimization is performed to meet the desired deformations. Detailed guidelines for the two-step
design framework for shape-matching metamaterials have been presented. Various examples are
presented to demonstrate and validate the proposed design framework. It is important to note
that the design framework leads to multiple solutions based on the choice of parameters such as
mesh discretization, preselected microstructure geometry from the qualitative library, and periodic
unit cell array size. In future work, we will investigate more on the dependence of parameters on
the final solutions. Furthermore, the current design framework is sequential, but to attain a more




This chapter summarizes the contributions of this thesis and discusses future work to further the
design of mechanical metamaterials using the kinetostatic load flow framework.
7.1 Contributions
The major contributions of this thesis are twofold: (a) furthering the principles of ”load flow”
framework to facilitate user-insightful design of compliant or flexible mechanisms and (b) formu-
lating a systematic design synthesis formulation for mechanical metamaterials to meet any desired
elastic material properties. These will be further detailed below.
7.1.1 Load flow based design of compliant mechanisms
1. The theory, principles and best practices needed to design compliant mechanisms with distinct
input and output ports both in planar and spatial domain. This knowledge is embodied
in terms of visual geometric entities that represent feasible load paths and corresponding
constraint spaces that respect the kinematics of the problem.
2. A computational method to automate the feasible load path determination and corresponding
constraint selection.
3. A comprehensive virtual reality tool to aid the designer in the three dimensional implemen-
tation of the topology synthesis problem. The immersive environment is deemed to shorten
the learning curve in implementing the load flow method.
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7.1.2 Design of mechanical metamaterials
1. For the first time, a qualitative classification scheme was introduced for orthotropic mi-
crostructures made of slender beams based on their homogenized elastic response. These
classes span the extremities of the microstructure design space and are differentiated solely
based on their load flow behavior into negative/positive Poisson’s ratio, high/low Bulk mod-
uli, and high/low Shear moduli.
2. The qualitative classes were extensively populated by a database of feasible conceptual ge-
ometries enabled by the planar and spatial load flow synthesis method.
3. A sequential and computationally less intense framework was introduced for designing meta-
materials, whose overall kinematic and kinetostatic response are solely a function of the mi-
crostructure geometries. The framework first determines which class a particular microstruc-
ture in the material must belong to, and then chooses a feasible topology from the database
and optimizes it to exactly match the required global behavior.
7.2 Future Work
With the advent of additive manufacturing and other micro and nano advanced manufacturing
technology, multiscale cellular functionally and structurally graded materials are slated to become
the future of product design. With manufacturing no longer the barrier, the limitations on uti-
lizing these technologies’ full potential may stem from design, or rather the designer’s ability to
conceptualize feasible solutions for a problem. In this context, the present thesis sheds light on
how advances in the design synthesis of compliant mechanisms can be leveraged in formulating a
similar synthesis framework for metamaterials. Thus the future work deals with both these aspects
are presented below.
7.2.1 Future work in extending the load flow synthesis process
1. Packaging the load flow synthesis method into a generative algorithm. The load flow frame-
work for synthesis is a sequential process, with first the determination of a feasible load
path, and next identifying constraints. Several feasible topologies can be generated based on
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changing just the load path parameters: number of load paths, and their connectivity (such
as serial, parallel or a hybrid) thus producing a host of solutions with very little computa-
tional effort. The future work will look to embed the insights of the load flow method within
a computational framework.
2. The load flow synthesis framework is conceptual or qualitative in nature, and thus can at best
emulate the small deformation behavior of compliant mechanisms. In future work, the funda-
mentals of the load flow mechanics can be extended to accommodate several nonlinearities,
namely large deformation, material, and contact.
7.2.2 Future work in metamaterial synthesis
1. The crux of the mechanical metamaterial synthesis framework is the ability to map global
elastic requirements to local load flow behavior in the microstructure. Thus, the inherent
deformation behavior of the microstructure can lead to tailoring several global properties.
Future work will seek to establish these global-local mappings in dynamic metamaterials
(Bloch wave analysis), heat transfer and electrostatics.
2. The metamaterial synthesis methodology presented in this thesis is sequential, implying first
the determination of global topology or shape of the structure and then optimizing the mi-
crostructures within. For a truly optimal solution, these have to be accomplished simultane-
ously, and will be tackled in future work.
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